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Abstract

The structural safety such as nuclear power plants, chemical industry, pressure vessel
industry and so on can commonly be evaluated with the help of limit and shakedown
analysis. Nowadays, the limit and shakedown analysis plays a well-known role in not
only assessing the safety of engineering structures but also designing of the engineering
structures. The limit load multipliers can be determinated by using lower or upper
bound method. In order to ultilize the limit and shakedown analysis in many practical
engineering areas, the development of numerical tools which are sufficiently efficient and
robust is a neccessary of current research in the field of limit and shakedown analysis.
The numerical tools involve the two steps: finite element discretisation strategy and
constrained optimization.

In this research, the isogeometric finite element method is used to discretise the
displacement domain of strutures in the first step. The primal-dual algorithm based
upon the von Mises yield criterion and a Newton-like iteration is used in the second step
to solve optimization problem. Mathematically, the shakedown problem is considered
as a nonlinear programming problem. Starting from upper bound theorem, shakedown
bound is the minimum of the plastic dissipation function, which is based on von Mises
yield criterion, subjected to compatibility, incompressibility and normalized constraints.
This constraint nonlinear optimization problem is solved by combined penalty function
and Lagrange multiplier methods.

The isogeometric analysis (IGA) uses NURBS basis functions for both the repre-
sentation of the geometry and the approximation of solutions. The main aim of the
IGA was to integrate Finite Element Analysis (FEA) into NURBS based Computer Aid
Design (CAD) design tools. The Bézier and Lagrange extraction of NURBS was used
in the analysis due to The computational aspects of the NURBS function increase the
question of how to implement efficiently the NURBS function in the existing FEM codes
due to a significant differences between the NURBS basis function and the Lagrange
function. The Bézier extraction is founded on the NURBS basis functions in terms of C°
Bernstein polynomials. Lagrange extraction is similar to Bézier extraction but it sets up

a direct connection between NURBS and Lagrange polynomial basis functions instead



Abstract v

of using C° Bernstein polynomials as a new shape function in the Bézier extraction.
Numerical results of structure problems are compared with analytical or other available
solutions to prove the reliability and efficiency of these approaches.

Pressure vessel which is designed to hold liquids or gases contains various parts
such as thin walled vessels, thick walled cylinders, nozzle, head, nozzle head, skirt
support and so on. Two types of defects, axial and circumferential cracks, are commonly
found in pressure vessel and piping. The application of shakedown analysis in pressure

vessel engineering is illustrated in this study.
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INTRODUCTION

1.1 General introduction

Plastic analysis plays a significant role in safety assessment and structure design,
especially in nuclear power plants, chemical industry, metal forming and civil engineering.
Plastic collapse takes place when the structure is converted into a mechanism by
development of suitable number and disposition of plastic hinges. The most important
outcomes of a plastic structural analysis is a plastic collapse factor. It is useful for the
reliable and economical safety assessment and design of ductile structures.

Based on the elastic-perfectly plastic model of material, the theory of limit and
shakedown have been developed since the early twentieth century. Review of early
contributions to the development of limit analysis theory should include the works
of Kazincky [1] in 1914 and Kist [2] in 1917. The first complete formulation of the
lower and upper theorems was introduced by Drucker et al. [3] in 1952. Contributions
of Prager [4] and Martin [5] can be found in their works in 1972 and 1975, respectly.
The application of limit analysis theory in computational mechanics have been widely
reported since then, among publications concerning the problem are the application of
limit analysis structural engineering by Hodge [6-8] in 1959, 1961 and 1963 respectively,
Chakrabarty [9] in 1998, Lubliner [10] in 1990. Pham [11-14] proposed the powerful
shakedown theorems which can be constructed for certain classes of elastic plastic
materials.

Although there exist analytical solutions to deal with the problems of limit and shake-
down analysis [15; 16], they are limited in solving simple cases and are not available for

general problems in practical application [3; 17]. Traditionally, limit and shakedown
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load multipliers can be obtained using upper bound and lower bound methods. The
first method based on Koiter’s kinematic theorem [15] uses displacement rates as main
variables and leads to a minimization problem. The second method, which uses stresses
as main variables, is based on Melan’s static theorem [16]. This procedure leads to a
maximization problem. The numerical solutions of limit analysis can be divided into
two steps called discretizing problem fields and solving optimizations. The first step
can be done by many numerical approaches such as finite element methods [18-36],
boundary element methods [37-47], meshfree methods [48-53] and isogeometric analysis
(IGA) [40-4T7; 54-67]. The second step involves to solve optimization problems which
become either linear or non-linear programming to obtain a solution. In order to solve
optimization problems for limit analysis problems, many approaches can be listed such
as basic reduction technique [24], interior-point method [27; 68], linear matching method
(LMM) [69-71], second order cone programming (SOCP) [48; 51; 55]. However, the
duality of the kinematic upper bound and static lower bound is not practically applied
in numerical simulations. For one thing, the upper bound approach deals with problems
caused by the incompressibility. For the other, the lower bound approach solves a large
system of nonlinear inequalities. In order to get over the difficulty, the primal-dual
interior-point method was developed by Andersen et al. [25; 26] and these algorithms
are the optimization tool which is very effective for limit analysis of structures [27]. In
addition, it was proved that the primal-dual interior-point algorithm associated with
the Newton iteration yields correct results in limit and shakedown analysis [28; 72].
Although a lot of numerical methods has been developed over many years, a
better numerical method is still needed in engineering practice. In recent years, the
isogeometric analysis (IGA) is introduced by Hughes et al. [73; 74]. This method allows
us integrate the computer aided geometric design (CAGD) representations directly into
the element finite formulation. The isogeometric finite element formulation uses Non-
uniform rational basis spline (NURBS) instead of the Lagrange interpolation in the FEM.
The NURBS can provide higher continuity of derivatives in comparison with Lagrange
interpolation functions. In addition, the order of the NURBS function can be easily
elevated without changing the geometry or its parameterization. The computational
aspects of the NURBS function increase the question of how to implement efficiently
the NURBS function in the existing FEM codes due to a significant differences between
the NURBS basis function and the Lagrange function. The first attempt to answer
this question is Bézier extraction. To ease the integration of NURBS in an existing
finite element context, Borden et al. [75], Scott et al. [76] developed FE data structures
based on Bézier extraction of NURBS and T-splines. The Bézier extraction operator

decomposes the NURBS based elements to C° continuous Bézier elements which bear
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a close resemblance to the Lagrange elements. The global smoothness of NURBS is
localized to an element level similar to FEA, making isogeometric analysis compatible
with existing FE codes while still utilizing the excellent properties of the spline basis
functions as a basis for modelling and analysis. Isogeometric data structures based on
Bézier extraction are therefore one of the most promising steps towards integration
of CAD and FEA. A Bézier extraction operator can be established for each element
that casts the relation between the vector of smooth basis functions and the vector of
Bernstein polynomials concisely in matrix form. Bézier projection is a technique for
obtaining an approximate L? projection of a function onto the smooth spline basis that
uses only local element-level operations. This significantly decreases computational
cost as compared to global projection (which requires the formation and solution of a
global system of equations), but still converges optimally and leads to results that are
virtually indistinguishable from global projection. More recently, Dominik Schillinger
and co-worker has been introduced Lagrange extraction [77] which is similar to Bézier
extraction but it sets up a direct connection between NURBS and Lagrange polynomial
basis functions instead of using C° Bernstein polynomials as a new shape function
in the Bézier extraction. In addition, it is very simple and compact to establish the
algorithms compared with Bézier extraction. As a result, it was shown that algorithmic
simplifications adopt isogeometric capabilities in the standard FEA codes.

In attempts to enhance the accuracy of the limit and shakedown analysis solution,
adaptive mesh refnement becomes rather important. It is known that localized plastic
deformations cause the slow convergence of the numerical approaches [78]. Therewith,
the mesh should be automatically refned along plastic zones. Theoretically, the error-
based indicator has to be known to conduct adaptive mesh refnement. Then, several
alternative indicators related to the plastic dissipation and both the static and kinematic
bound problems are studied in Refs [64; 73; 79; 80]. This research direction is also
studied by many reseachers in literature.

Based on the foregoing discussion, it can be seen that an efficient method which is
called "NURBS based on Bézier or Lagrange extraction in combination with primal-dual
algorithm" to estimate simultaneously upper bound and quasi-lower bound limit load
factor based on the von Mises yield criterion for structures in practical engineering is

desirable in this research.

1.2 Motivation of the thesis

There are two approaches existing in literature to estimate the limit load factor of

structures in the problems of limit and shakedown analysis such as analytical methods
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and numerical methods. The former is limited in solving simple problems and is not
suitable for general problems in practical application. The later has two methods called
step by step method and direct method. The step by step method also called incremental
methods is based on incremental evaluations of the nonlinear stress-strain relations of
flow theory. However, incremental methods may be computationally expensive because
of the need to perform an analysis in an iterative manner. The direct method directly
computes the shakedown load factor without intermediate steps by combining a finite
element discretisation and constrained optimization. The practical application of limit
and shakedown analysis is widely used in the realistic engineering structures by the
direct method. Although both theoretical and numerical investigations on limit and
shakedown analysis reported in the literature are studied by many researchers, a better
robustness and efficiency method are still needed in engineering practice. There are
some approaches to solve optimization problems using in the direct method such as
basic reduction technique [24], interior-point method [27; 68], linear matching method
(LMM) [69-71], second order cone programming (SOCP) [48; 51; 55]. The lower or
upper bound load multiplier can be obtained based on following static theorem or
kinematic theorem to discretise problem, respectively.

Current research in the field of limit and shakedown analysis is focussing on the
development of numerical tools which are sufficiently efficient and robust to be of use
to engineers working in practice. Based on mathematical algorithms and numerical
tools, there are many approaches to solve limit and shakedown problems such as:
different numerical methods, finite elements [18-36], boundary element methods [37-47],
smoothed finite elements [81; 82] and meshfree methods [48-51]. These methods are
based on lower or upper bound approaches. However, simultaneously solving of the
lower or upper bound methods is very difficult in practical engineering simuluations.
The difficulty of the lower bound method deals with problems caused by a large system
of nonlinear inequalities while the difficulty of the upper bound method solves problems
of the incompressibility.

The research motivation of the thesis is to develop an Isogeometric Finite element
method based on efficient dual algrorithm for limit and shakedown analysis of structures

made of elastic perfectly plastic material with von Mises yield criterion.

1.3 Objectives and Scope of study

The aim of this research is to contribute to the development of robust and efficient
algorithms for the limit and shakedown analyses of structures. As mentioned in

Section 1.2, limit and shakedown analysis are involved the discretization method and
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mathematical optimization. The work will focus on the two problems researched in this
area.

- The first aim of the research is to develop so-called "Isogeometric Finite Element
Method", which have been developed in recent years to change paradigm in Finite
Element Analysis, for limit and shakedown analyses of structures. IGA has been applied
successfully a lot of mechanics problems in the literature [43; 61-63; 66; 67; 73; 76; 77; 83]
and so on. The IGA allows both CAD and FEA to use the same basis NURBS-
based functions. Althrough IGA becomes an effective numerical method due to some
advantages such as an exact geometry description with fewer control points, high-order
continuity, and high accuracy, this method also exists some disadvantages. One of
these advantages is that the high-order basis functions in IGA are not confined to one
element. This property makes the programming task difficult, and more importantly
they cannot be straightforwardly embedded into the existing FEM framework. The
concept of Bézier extraction, which was introduced in detail by Borden et al. [76]., has
proved a milestone in this regard and has revolutionized the way IGA capabilities are
implemented. The structure of Bézier elements allows the integration of IGA in existing
standard FEA codes, which are typically built around element subroutines. Through
this extraction operator, a set of NURBS basis functions can be decomposed into linear
combinations of Bernstein polynomials. This significantly decreases computational
cost as compared to global projection (which requires the formation and solution of a
global system of equations), but still converges optimally and leads to results that are
virtually indistinguishable. More recently, Dominik Schillinger and co-worker has been
introduced Lagrange extraction [77] which is similar to Bézier extraction but it sets up
a direct connection between NURBS and Lagrange polynomial basis functions instead
of using C° Bernstein polynomials as a new shape function in the Bézier extraction.

- The second aim of the research is to solve the nonlinear optimization problem
with constraints. There are many approaches to efficiently solve optimization problem
for limit and shakedown analysis problems such as basic reduction technique [24],
interior-point method [27; 68], linear matching method (LMM) [69-71], second order
cone programming (SOCP) [48; 51; 55].

In order to archive the speciflc aims of this research, the following tasks will be

undertaken:

e Develop a kinematic limit and shakedown formulation based on the Isogeometric
Finite Element Method.
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e Investigate a complete solution procedure for the discretization formulation of
lower bound and upper bound using the IGA based on Bézier extraction of NURBS

in combination with the primal-dual algorithm.

e Investigate a complete solution procedure for the discretization formulation of
lower bound and upper bound using Lagrange extraction for NURBS basis function

in combination with the primal-dual algorithm.

1.4 Outline of the thesis

This research deals with limit and shakedown analyses of engineering structures. It
consists of six chapters, including the general introduction. Two of these (chapters
4 and 5) are presented as self-contained in papers which have been published in the
scientific journal. As a result, minor overlaps of the contents in the papers may occur
here. The contents of each chapter are briefly described as follows.

Chapter 2 present the two fundamental of limit and shakedown theories, the
static and kinematic theorems which proposed by Melan and Koiter. The fundamental
relations governing elastic, limit and shakedown analysis are given, based on the books
by Martin [5], Konig [84] and Kazinczy [1]. The assumptions in limit and shakedown
analysis within the static and kinematic approaches are briefly explained.

Chapter 3 is to review the theory of isogeometric analysis. A summary of the
main ideas behind isogeometric analysis and isogeometric finite element discretizations
is given such as B-Splines, NURBS objects, their definition and basic properties. The
isogeometric analysis based on Bézier extraction and Lagrange extraction are also
presented in this chapter.

Chapter 4 considers the discretization of static and kinematic limit and shake-
down analysis with the help of isogeometric finite element method. Dual theorems in
discretized forms are presented together with kinematic and dual algorithms.

Some various typical examples of limit and shakedown analysis are illustrated to
show and validate the present approach in Chapter 5. Numerical results are tested and
compared with analytical solutions or available solutions in literature.

Finally, Chapter 6 contains some main conclusions and future studies.
1.5 Original contributions of the thesis
According to the author’s knowledge, the original contributions of the thesis are:

e Development of a kinematic limit and shakedown analysis formulation based on

isogeometric analysis by Bézier extraction extraction NURBS.
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Development of a kinematic limit and shakedown analysis formulation based on

isogeometric analysis by Lagrange of extraction NURBS.

Development of a novel numerical approach for evaluating limit and shakedown
load factors of 2D, 3D structures and pressure vessel components for application

in piping engineering.

Improvement of the efficiency of the proposed limit analysis and shakedown
procedures by integration of some advantages of the IGA in terms of flexibility in
refinement, exact geometry that lead the more accurate solutions in comparison

with other available.

Investigation of the isogeometric analysis based on Bézier extraction and Lagrange
extraction which can integrate IGA into the existing FEM codes in combination

with primal-dual algorithm in computation of limit and shakedown load factors.
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FUNDAMENTALS

In this chapter, a fundamental of shakedown analysis theory in many of previous works
[3; 6; 10; 15; 28; 72], which is necessary for the developments in the subsequent chapters,
is overviewed. Firstly, an overview introduction of material model and yield condition
are presented. Then, shakedown analysis formulation based on classical shakedown

theorems is estableshed and discussed.

2.1 Material model

2.1.1 Elastic perfectly plastic and rigid perfectly plastic material models

A structural model used is a bounded domain €2 occupied by a rigid or elastic

perfectly-plastic material continum as shown in Fig 2.1

Figure 2.1: Structure model
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The boundary of the body consists of two regions I';, and I';. On I',,, the boundary
is fiexed so that u = 0, where 1 = u(x) represents the plastic displacement rates at x
point in €. Appled forces to model inlude surface forces g on I'; and body forces f on €.
There are some material models applied in continuum mechanics to describe the response
of real materials to various loading conditions to model actual stress-train relations:
linear elastic, rigid perfectly plastic, rigid hardening, linear elastic perfectly-plastic
and linear elastic-plastic hardening. In our work, the material models rigid perfectly

plastic and linear elastic perfectly-plastic as shown in Fig 2.2 (a and b) are assumed

throughout.
Ao Ao
0, 0y
E £
> >
(a) Elastic perfectly plastic (b) Rigid perfectly plastic

Figure 2.2: Material models: (a) Elastic perfectly plastic; (b) Rigid perfectly plastic

Elastic perfectly plastic is the simplest elasto-plastic model of material. The

properties of this model are summerized:

e Material behaves elastically below the yield stress and obeys the Hook’s law of
linear elasticity as
el = C;]ilakl (21)

1] 7,
where Cjjp; is a fourth-rank tensor. For an isotropic material, this tensor is

expressed in the form below

vE
(1+v)(1-2v)

Cijin = 030kt + (G301 + dudi) (2.2)

E
2(1+v)

where F denotes the Young’s modulus, v is the Poisson ratio, and d,, is the

Kronecker delta. The inverse relationship of Eq. 2.1 can be written as

2v

Oij = QGEfj + m

e
ij
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where G = ———— is the shear modulus of elasticity.

2(1+v)

e When the stress reaches the yield value o,, unlimited plastic flow may be observed
in the material under constant stress ¢. During this flow, there is no stress
increment. The plastic strain increment de? must have the same sign as the stress
SO as

ods? >0 (2.4)

e The material behaves purely elastically during the unloading process. The defor-
mation in this case is illustrated in Fig 2.3 by a straight line 2-3 parallel with the

initial line 0-1. The relation between stress and strain also follows the Hook’s law

do = Cde® (2.5)
.y
1 2
Op > 7
1
1
d
1
1
1
1
0 3 8'
e e

Figure 2.3: Elastic perfectly plastic material model

e During a certain loading process, the total strain in the material can be expressed

by the sum of elastic strain ¢ and plastic strain
e=¢e’+¢P (2.6)

and the total strain rates can be also written by sum of elastic strain rate and
plastic strain rate as
g =¢e°+¢P (2.7)
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2.1.2 Drucker’s stability postulate

Material are also assumed to be stable in Drucker’s sense during a complete cycle
of loading and unloading. Drucker accordingly defines a plastic material if the two

following conditions hold true:

+ The work done during incremental loading is positive
+ The work done in the loading and unloading cycle is non-neagative

%(Uz’j - O'l-oj)dé‘ij Z 0 (29)

where § sign is the integral taken over the complete cycle of loading and unloading,.
0, is the stress tensor on the yield surface satisfying the yield condition f(o;;) =0
and oy; is the plastically admissible stress tensor, lying inside or on the yield
surface satisfying f(c;;) < 0. The stability postulate is shown graphically in Fig

2.4.

Ao Ac-Ae>0 Ao Ac-Ae<0 Ao Ac-Ae<0

oc>0 Ao <0 / Ao >0

/

Ae>0 - Ae>0 Ae<0
(a) (b) (c)

/
Y
/

Figure 2.4: Stable (a) and unstable (b, ¢) materials

2.1.3 Normal rule

As we known, the outward-pointing normal to a surface called f(x) at a point x;

0
is a vector perpendicular to its tangent plane. The gradient of f, 8f at point z; is in
x.

the direction normal to this surface. The normality rule must be enforced at any stress
point in plasticity. The strain rate tensor é” must be normal to the yield surface at a
smooth point or lie between the adjacent normals at non-smooth point (see Fig. 2.5).
This rule may be represented as: of

-p
" aO'ij

(2.10)
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When n differentiable surfaces intersect at a singular point, the relationship Eq 2.10

should be represented by:

. i Ofk .
D _ IR 5 211
K kz::l M 9oy (211)

where A is non-negative plastic factor.

Yield surface Inaccessible region

Figure 2.5: Normality rule

Materials that obey Drucker’s stability postulate must have their plastic yield
function f(o;;) convex in the stress space o;;. The convexity of the yield surface has a
very important role in plasticity. It allows the use of convex programming tools in limit

and shakedown analysis.

2.2 Yield condition

The yield conditions are used to define the valid range of Hook’s law and the constitive
equations in the presence of plastic deformations. An assumption exists a yield function

f(04j) which has a following properties:
e f(0;j) <0 corresponds to the elastic behavior
e f(0i;) = 0 corresponds to the appearance of plastic deformation

e f(0;;) > 0 is inaccessible region
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Based on the properties of the yield function, the stress point can not move outside
the yield surface. Plastic flow occurs only when stress point is on yield surface and
the additional loading oj; move along the tangent direction. The yield function is
simplified by a set of assumptions which makes it simpler and easier to use. Firstly,
the body is typically considered to be homogeneous and the material temperature and
time independent. Consequently, the yield function is independent of the coordinate
x, the stress rate, the strain rate, the temperature T" and the time ¢. Secondly, the
material properties are assumed to be independent of any historical elastic or plastic
deformations, i.e. path-independent. As a result, the yield function can be represented

by only the instantaneous stress state in the body and the material property so that

f=Floij k), (2.12)

where k is a constant representing the plastic property of the material.

Furthermore, the yield function can be simplified by the assumption that it is an
isotropic material, which states that the material properties are not dependent on the
transformation of coordinates.In practical engineering plasticity, the von Mises yield
condition and the Tresca yield condition are the most widely used for metals. They are

reviewed in the following.

2.2.1 The von Mises yield criterion

Dated in 1913, the von Mises yield criterion states that yielding will begin when

octahedral shearing stress reaches a critical value k, such as

1 1 2 2 — )2 =
\/§I€U$ 5 [(01 —09)? 4 (09 — 03)% + (05 — 01) 1 (2.13)

or written in term of stress invariant Js:
f(aij> = J2 - KZ?} =0 (214)

where k, = %, 0, is the yield limit of the material. For perfectly plastic material, s,

is a constant independent of strain history. J5 is the second principle invariant of the

stress deviator tensor o;; and in a form of principle stress

Jy = (13[(01 —09)* + (09 — 03)* + (03 — 01)2} (2.15)
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If material is subjected to a pure shear o5 while all other stress components vanish
2

(01 = 04,09 = 03 = 0), then Jp = %. From Eq. 2.14, The relation between yield stress

. . . . . 0
in pure shear and yield stress in pure tension can be derived as k, = 703

2.2.2 The Tresca yield criterion

In 1864, Tresca suggested that yielding would occur when maximum shearing stress
at a point in the material reaches a crtitical value k. He proposed the yield criterion
stipulating that the maximum shear stress has a constant value during plastic flow.

09 — O3

Y Y

f(aij) = maz (‘01 — 02 Os—alD —2kr =0 (2.16)

In an unaxial stress state (0o = 03 = 0), the Tresca yield condition has a form:
f=01—-267=0 (2.17)

The relation between yield stress in pure shear and yield stress in pure tension can be
o
written as: kp = —.

2

2.2.83 Comparison between the two yield conditions

o
(o)) g
Tresca 2
./‘/
‘/
7/
7/
, 7
‘/
‘/
‘/'/‘ G() (0]
7/
7/
, /
‘/
‘/
7/ .
o von Mises
7/
7/

Figure 2.6: von Mises and Tresca yield conditions in biaxial stress states

The most distinctive difference between the von Mises and Tresca yield conditions is

the fact that while in the former all three principal stresses have an equal "role", in the
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latter the intermediate principal stresses have no effect on yielding. In the principal
stress states, the von Mises yield condition is represented by a circular cylinder, and
the Tresca by a regular hexagonal cylinder as illustrated in Fig 2.6. Fig 2.6 also shows

the Tresca hexagon in circumscribed by von Mises ellipse.
2.2.1 Plastic dissipation function

The plastic dissipation function is defined by

DP = max (0j;€;) = 044l (2.18)

where o7; is a plastically admissible stress tensor satisfying f(o7;) < 0. 0y; is the stress
tensor satisfying yield condition f(c7;) = 0. The plastic dissipation for the von Mises

criterion and associated flow rule is given by Lubliner [10].
DP = \/25,/ebel, (2.19)

2.2.2 Variational principles

A structural model subjected to surface and body forces is considered as illustrated
in Fig. 2.1. A statically admissible field and a kinematically admissible field are defined

as follow:

1. Any stress field satisfying the equation of equilibrium and stress boundary condtion

—Vo+g=0 in Q (2.20)
no=gq on I} (2.21)

is called a statically admissible field.

2. A kinematically admissible strain rate and velocity fields are any deformation
mode that satifies the velocity boundary conditions, the strain rate and velocity

compatible conditions:

t=0 on I, (2.23)

By using these definitions, variational principles can be stated as below:
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2.2.2.1 Principle of virtual power

The principle of virtual work establishes the equilibrium state between the internal
stress field and an external force field acting on the body. It states that "For an arbitrary
set of infinitesimal virtual displacement variations du; that are kinematically admissible,
the necessary and sufficient condition to make the stress tensor o;; equlibrium is to

satisfy the following equation'

/Uij5€¢de=/gi(5uidQ+/ qoudl, (2.24)
Q Q I

The principle of virtual power can be derived from the principle of the virtual work
by replacing virtual strain de and virtual displacement du by kinematically admissible

strain rate 0¢ and velocity du, respectively. The Eq. 2.24 becomes
/ 0;50€;;dSY = / 9;07,;dQ +/ qoudly (2.25)
Q Q I

2.2.2.2 Principle of compliment virtual power

For an arbitary set of infinitesimal virtual variations of the stress tensor do;; that
statically admissible, the necessary and sufficient condition to make the strain tensor

ei; and displacement u; compatible is to satisfy the following equation

ij0 i‘:/ 00;;u;dl’ 2.26
/ng Oij Fth Oij Uil ¢ (2.26)

The principle of compliment virtual power can be derived when expressing the works in

the term of stress and force rates as:
/ 5'1']'50'7;]‘ = / njéaijﬁidft (227)
Q Ty

2.3 Shakedown analysis

2.3.1 Introduction

The loading in limit analysis considered above is simple and proportional. However,
practical structures are often subjected to the action of varying loading. These loads
may be repeated or varying arbitrarily in certain domain. In this case, different types
of behavior may arise, depending on the magnitude of the loading. As a result, loads
which are less than plastic collapse limit may cause the failure of the structure due to

an excessive deformation or to a local break after a finite number of loading cycles. Let



2.3 Shakedown analysis 18

us consider a structure made of perfectly plastic materials, subjected to cyclic loads
may behave in one of the four ways which are presented in Bree-diagram by Bree [85]

as shown in Fig 2.7, depending on the intensity and character of the applied loads.

A
Ratchet
9 |
= Boundary |
5 |
< |
1
|
1
1
| f 3
|
lo
|
|
1
2.0 !
oA :
I Collapse
|
1
1
1
1.0 |
1
1
1
|
|
Elastic : !
as >
0 1.0 AOmech /Oy

Figure 2.7: Interaction diagram (Bree diagram [85]) for
thinwalled pipes for perfectly plastic material

1. FElastic: 1f the applied loads are sufficiently low, the structure response is purely
elastic. The total stresses from all loads at any location in the component are less

than the yield strength of material at all times (no plasticity).

2. Flastic shakedown: If the load intensities is higher than the elastic limit, but do
not exceed a certain limit. Plastic deformation occurs initially and stops after
some cycles. Within a few cycles, the deformations remain in the elastic range

and the structure is dimensionally stabilized in purely elastic cycles.
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3. Plastic shakedown (alternating plasticity): After a small number of cycles the
strain increments change sign at each half cycle and eventually cancel each other
(summing to zero). Similar to elastic shakedown, the final response of the structure
is dimensionally stable. However, the stabilized response involves plasticity during

every cycle.

3. Ratcheting (incremental collapse): If the cyclic loading is high enough, ratcheting
will occur. Asymptotically, some dimension of the component will increase by a
fixed increment with each cycle. As plastic strain increments are accumulated in
some direction, strains can become so large that the structure loses its serviceability.
Ratcheting also intensifies the fatigue damage; the cyclic strain-life curve will
then underestimate the fatigue life of the component. Therefore, ratcheting is

usually not an acceptable response in the design of a component.

4. Collapse: The magnitude of the applied primary load(s) is high enough that

uncontained plastic flow occurs in the structure under one time load application.

The set of load combinations at the transition between shakedown and ratcheting will be
called the ratchet boundary. Below the ratchet boundary, in the absence of ratcheting,
the component can either shakedown to elastic or to plastic action, depending on the
combination of cyclic and steady loads. The classical theorems in shakedown analysis
are restricted to elastic shakedown in which the structure will only undergo elastic
cycles after an initial period that may involve plasticity. It should be noted that in most
of the literature the term “shakedown” (without qualifier) refers to elastic shakedown,
since the upper and lower bound theorems exist presently only for elastic shakedown.
The classical concepts in shakedown analysis allow the calculation of lower and upper

bounds to the loads combination for which elastic shakedown can be guaranteed.
2.3.2 Fundamental of shakedown analysis

The main problem of shakedown theory is to study whether or not a structure
made of certain material will shake down under prescribed loads. In general step by
step approach are not applicable in solving such cumbersome task and therefore direct
methods are prefered. Nevertheless even direct methods are useful in some loading
conditions as well as for certain material models. Some assumptions are considered in

shakedown analysis as below:

e Loading is quasi-static so that dynamic effects can be neglected.

e Material exhibits perfectly plastic with the associated flow rule without strain

hardening or softening.
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e Deformation and displacement are assumed to be sufficiently small so that changes
in geometry can be neglected in the equibrium equations and strain - displacement

relations can be assumed in linear form:

03j.4 + fz =0 in Q (228)

2.3.2.1 Load domain

In shakedown analysis, the applied loads may vary independently, so it is necessary to
define the load domain L. This load domain contains all possible load histories. We
study here the shakedown problem of a structure subjected to n time-dependent loads
P2(t) with time denoted by #, each of them can be vary independently within a given

range
P(t) eI = {P,:,P,ﬂ = [u,;,,uﬂP,?, Ek=1:n (2.29)

These loads form a convex polyhedral domain L of n dimensions with m = 2" vertices
in the load space as illustrated in Fig 2.8 for two variable loads. This load domain can

be represented in the following linear form

(2.30)

where
(2.31)

Figure 2.8: Load domain with two variable loads

In the case of limit and shakedown analysis, it is useful to describe this load domain

L in the stress space. To this end, we use here the notion of a fictitious infinitely elastic
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structure which has the same geometry as the actual one. The fictitious elastic response
5
this structure was subjected to the same loads as the actual one. This fictitous elastic

0;:(x,t) is defined as the response which would appear in the fictitious structure if

response may be written in a form similar to Eq. 2.30:

055 (%, 1) = > pi(t)o" (x) (2.32)
k=1
where o/%(x) is the stress field in the reference (fictitous) structure when subjected to

the unit load mode FP.

2.3.2.2 Static or lower bound shakedown theorem (Melan)

Let 05 (x,t) denote the fictitious elastic stress response for all possible load combinations
in the load domain L(see Eq. 2.32). If after some load cycles the structure has already
shaken down, everywhere in the structure plastic deformation ceased to develop: éfj =0.
The actual stresses ;;(x,t) can be expressed by the sum of elastic stresses and another

stress field p;;(x) which is called the residual stress field as
0ij (X, t) = 075 (x, 1) + pi;(x) (2.33)
does not anywhere violate the yield criterion
Foten) = F(oh6en) +hu0) <0 (2:34)

The following theorem shows that this is the necessary and sufficient condition for a

structure to shake down (for perfect plasticity see Koiter [15] in 1960):

Theorem 2.1:

1. Shakedown occurs if there exists a permanent residual stress field p;;(x), statically

admissible, such that:
#(oax0)) = F(oE 0+ pi(x)) <0 (2.35)
2. Shakedown will not occur if no p;j(x) exists such that

Fat) = £ (o e.1) + py(0) <0 (2:36)
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Based on the above static theorem, we can find a permanent statically admissible
residual stress field in order to obtain a maximum load domain aL that guarantees
that guarantees Eq. 2.36. The obtained shakedown load multiplier a~ is generally a

lower bound. The shakedown problem can be seen as a maximization issue in nonlinear

programming
o~ = max « (a)
subjected to: (2.37)
9;pij (x) =0 inQ (b)
n;ipi;(x) =0 on I'y (c)
faok(x,t) + py(x)) <0 Vvt (d)

2.3.2.3 Kinematic or upper bound shakedown theorem (Koiter)

Using plastic strain fields to formulate shakedown criterion, the kinematic shakedown
theorem is the counterpart of the static one. The theorem was given by Koiter [15] in
1960 and some of its applications in analysis of incremental collapse were derived by
Gokhfeld [86] in 1980, Sawczuk [87] in 1969. According to Koiter [15], an admissible cycle
of the plastic strain field Aéfj is introduced, corresponding to a cycle of displacement
field Au;. The plastic strain rate éfj may not necessarily be compatible at each instant

during the time cycle T" but the plastic strain accumulation over the cycle defined below

T
acty = [ &t (2.38)
must be compatible, such that
1({0Au; 0Au;
Al = = . J in (2 2.39
6” 2( 8:6]- + 8:61 ) Hl ( )
Au; =0 onl, (2.40)
and .
E -
/Q /0 oL dtdQ) > 0 (2.41)

Theorem 2.2: [15]
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1. Shakedown may happen if the following inequality is satisfied:

T _
/ dt[ / Fritgd© + / Fidl
0 Q It

2. Shakedown can not happen when the following inequality holds:

T _ T
/ dt[ [ fawd2+ [ tmidrt] > [Car | pr(e)ae (2.43)
0 Q Iy 0 Q

Virtual power principle permits us to write Eq. 2.42 in more general form:

< /OTdt/QDp(sg?j)dQ (2.42)

T B 2 T ol p
/O /Q 0B (x, £)e0dt < /0 /Q D?(h)do (2.44)

Based on the kinematic theorem, an upper bound of the shakedown limit load multi-
plier at can be computed. The shakedown problem can be seen as a mathematical

minimization problem in nonlinear programming

L /OTdt/QDp(g'fj)dQ

G = 1min T
|t [ ofix a0

subjected to: (2.45)
T
Ae}, = /0 ehdt  in Q (b)
1{0Aw; 0Auy;
Al == . ] in
6” 2 ( 3.75]- + (9.731 ) Hl (C)
Au; =10 onl, (d)

In order to calculate the shakedown limit load multiplier, the two following methods can
be applied: separated and unified methods. While the former analyses separately two
different failure modes: incremental plasticity (ratchetting) and alternating plasticity,
the latter analyses them simultaneously. Both methods deserve special attention due to
their role in structural computation. In the following sections, unified shakedown limit
is presented to find directly the shakedown limit defined by the minimum of incremental

plasticity limit and alternating plasticity limit.
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2.3.2.4 Unified shakedown limit

In practical computation, in most cases it is impossible to apply lower and upper
theorems to find directly the shakedown limit defined by the minimum of incremental
plasticity limit and alternating plasticity limit. The difficulty here is the presence of the
time-dependent generalized stress field ag(x, t) in Egs. 2.35+ 2.36. These obstacles
can be overcome with the help of the following two convex-cycle theorems, introduced
by Koénig and Kleiber [84].

Theorem 2.3: [84]

"Shakedown will happen over a given load domain L if and only if it happens over the

convex envelope of L".
Theorem 2.4: [84]

“Shakedown will happen over any load path within a given load domain L if it happens

over a cyclic load path containing all vertices of L.

P 5 B
5
1
\3 Z
4\x 4 1 A
6 W Y 3
2 B . b

Figure 2.9: Critical cycles of load for shakedown analysis [72; 84; 89]

These theorems, which hold for convex load domains and convex yield surfaces,
permit us to consider one cyclic load path instead of all loading history. They allow us
to examine only the stress and strain rate fields at every vertex of the given load domain
instead of computing an integration over the time cycle. Based on these theorems, Konig
and Kleiber [84] suggested a load scheme as shown in Fig. 2.9 (a) for two independently
varying loads. This scheme was applied in a simple step-by-step shakedown analysis by
Borkowski and Kleiber [88] in 1980. Another scheme as shown in Fig 2.9 (b) was adopted

later by Morelle [89] in 1984. Extensions and implementations of these theorems can
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also be found in the works of Morelle and Nguyen [90], Polizzotto [91], Jospin [92], Yan
[93] and so on.

Let us restrict ourselves to the case of a convex polyhedral load domain L. The question
is how to apply the above theorems to eliminate time-dependent elastic generalized
stress field Jg(x, t) and time integrations in the lower and upper shakedown theorems.
In order to do so, let us consider a special load cycle (0, T') passing through all vertices

of the load domain L such as
P(x,1) = > 8(t)Pr(x) (2.46)
k=1

where m = 2" is the total number of vertices of L, n is the total number of varying
loads, d(t;) denote the Dirac function defined by:

1 if t=t,
S(ty) = (2.47)
0 if t#t,

Over this load path, the generalized strain at any instant ¢ is represented by
eij(t) =D 0(tr)e; (2.48)
k

At each instant (or at each load vertex), the kinematical condition may not be satisfied,

however the accumulated generalized strain over a load cycle
Aey; =) &F (2.49)
k=1

must be kinematically compatible.

Obviously, the Melan [16] condition required in the whole load domain will be satisfied
if and only if it is satisfied at all vertices (or the above special loading cycle) of the
domain due to the convex property of load domain and yield function. This remark
permits us to replace the time-dependent generalized stress field 0’5()(, t) by its values
calculated only at load vertices. The following static shakedown theorem is presented

as:
Theorem 2.5:

The necessary and sufficient condition for shakedown to occur is that there exists a
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permanent residual generalized stress field p;;(x) , statically admissible, such that

f(o—g(x, P + ﬁij(x)) <0 Vk=Tm (2.50)

The application of loading cycle Eq. 2.46 also leads to the elimination of time integration

in kinematic shakedown condition as stated in the theorem hereafter
Theorem 2.6:

The necessary and sufficient condition for shakedown to occur is that there exists a

plastic accumulation mechanism sfj such that:

< E A\ 2k S -k
> /Q%. (x, By)ekde < kz:jl/ﬂpp(gij)da

k=1

Ag;; is kinematically admissible

These shakedown theores holds for convex yield functions, convex polyhedral load
domains and can be further extended for much more realistic materials such as materials
with temperature-dependent yield surface. This issue will be discusses in the later
section.

The bounds of shakedown limit load multiplier Eq. 2.37 and 2.45 now can be reformu-
lated in simpler forms corresponding to the static theorem Eq. 2.50 and the kinematic
theorem 2.51:

1. The lower bound:

a” = max « (a)
subjected to: (2.52)
9;pij(x) =0 inQ (b)
n;pij(X) =0 on I'y (c)
f(aof(x,B) +piy(x)) <0 Ve=Tm (d)

2. The upper bound (in normalized form):

a = mini /Q Dp(éfj)dQ (a)
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subjected to: (2.53)
Agij =) &5 (b)
k=1
A&ij = 2( 8x]~ + 8ZEZ ) in Q (C)
Au; =0 on I, (d)
kzl/gag (x, Pk)éfde =1 (e)

Let us note that if there is only one load and this load does not vary then according to

load domain definition Eq. 2.31, one has

ui = it (2.54)

In this case it is easy to see that the above upper bound and lower bound reduce to
the formulations of upper and lower bounds of limit load factor formulations. It is
mentioned here that limit analysis can be considered as a special case of shakedown
analysis when the number of load vertices is reduced to one.

2.4 Summary

In summary, both lower bound and upper bound approaches have advantages and
disadvantages. Detail of advantages and disadvantages for lower bound approach are
presented as below:

2.4.1 Disadvantages of lower bound approach

e Suffers from nonlinear inequality constraints.

e Finite element methods based on stress method are more difficult.

e [t is difficult to present alternating limit and ratchetting limit separately.
2.4.2 Advantages of lower bound approach

e Avoids the non-differentiability of the objective function, which must be regularized

via internal dissipation energy.

e There is no incompressibility constraint in the nonlinear programming problem.

The advantages and disadvantages of upper bound approach are the disadvantages and

advantages of lower bound approach.
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2.5 Primal-dual interior point methods

The primal-dual interior point algorithm to solve a general limit analysis in mechanics
for linear programming was introduced by Karmarkar. It is now widely used in the
engineering optimization problems to solve very large linear and non-linear optimization

problems. The general form of the optimization problems is written as follow:

min f(x)
s.t Ar+s=b (2.55)
s>0

According to Ref [25], the problem of minimizing a sum of Euclidean norms can be

expressed as:

min ZHZZH
=1
s.t Aly+tzi=c, i=1,...,n (2.56)
yeR™ i=1,..,n
z; € %d, 1= 1,...,7’L

where A; € R™*% and ¢; € R¢, i =1,...,n are given. d = 2 or d = 3 is denoted for two
or three dimensional Euclidean space.

By using min-max theory, the dual problem of the primal problem in Eq. 2.56 can be
obtained as

n n
. . T
min zZi = min max L zZ;
Aly+zi=c; ;H lH ATy+zi=c; |lzi[<1 ; v

n
= max _min Z x! z;
szHSl A?y+zi:Ci i=1

n n
= max min (Z cxi—y' > Ai:I}Z)
i=1

leli<t v\ &

= max { dcla: |xi||< 1)) A, = 0}

i=1 =1
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where x; and y; z; refer to the primal variables and the dual variables, respectively.

Finally, the dual problem of the primal problem can be expressed as

maXx Z CzriL'Z'
=1
i=1

lil[< 1, i=1,...n

x, €N i=1,...n

A specific method for solving the primal problem is presneted by Andersen [25]. Ac-
cording to the method, the terms ||z;|| are replaced by /| z;||>+¢2, where € > 0.



ISOGEOMETRIC FINITE ELEMENT
METHOD

3.1 Introduction

Nowadays, numerical simulation using FEM which was introduced in the 1950s to 1960s
to solve differential equations plays an important role in engineering design. Differential
equations can be described a physical problem which is devided into certain region.
The certain region is called elements. The physical problem is typically modelled
in or imported into FEA software. However, the generation of numerical models
from CAD geometries takes about 80% of overal analysis time. According to Sandia
National Laboratorie [74], mesh generation accounts for about 20% of overall analysis
time, whereas creation of the analysis-suitable geometry requires about 60%. Detail
estimation of the relative time costs is illustrated in Fig 3.1. The workchart of a
design-through-analysis process in practical engineering is shown as Fig3.2. The first
step in the workchart is a construction of geometrical model analysis. In CAD programs
geometry is typically represented by spline curves and surfaces. The additional benefit
of NURBS over B-Splines is the possibility to represent conic intersections exactly,
which is very important for designing engineering shapes. The second step defines a
functionally-suitable version of the geometry called neutral files due to the different
CAD and CAE computer environments. The third step generates mesh for the imported
model. The mesh is the set of Finite Elements (triangles, quadrilaterals, tetrahedra,

hexahedra) that constitute the domain of the mathematical model. The next step

30
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defines the elastic and inertial properties of the material. In case an assembly of

components, we also define the relative positions and connections among the parts.

Archive Artifacts (1 %) Design Model, Creation and/or Edit (4 %)

Postprocess Results (5 %)
Run Simulation (4 %)

Assemble Simulation Model (8 %) Analysis Model, Creation and/or Edit (21 %)

Assign Model Parameters (6 %) ———L

Mesh Manipulation (6 %)

Meshing (14 %) /

Figure 3.1: Estimation of the relative time costs of each component of the
model generation and analysis process at Sandia National Laboratories [74]

Geometry Decomposition (32 %)

The boundary conditions and applied loads to the structure are defined in the
step 5. In order to find the value of the unknown variables, the system equation is
solved in step 6 called the analysis step. The results of this step are displacement,
temperature,... Post-processing includes three steps as 7, 8 and 9. Results in the step 7
are usually numbers arranged in vectors or matrices and are interpreted into graphs,
charts or contours. These graphical plots in the step 7 are not enough information to
check performances of product. Engineers have to clearly point out comments on the
results in step 8 such as critical zones, prediction of possible issues to decide whether a
product or a system meets the required performance specifications or not. Depending
on the results in step 7 and comments in step 8, the product is comfirmed the the
required performance specifications or needed modifications. In the later case, a loop
with the connection to the first step might be necessary, involving the need to modify
the geometry and to follow all the steps of the workflow again. The transition from step
1 to step 3 is the most time-consuming. From the practical point of view, the drawback
of CAD-CAE integration is the need of the development of new methods to allow a
geometrical design and a mathematical model for simulation to work with the same

data and, eventually, in a unique model. Isogeometric analysis (IGA) has been recently
introduced by Hughes et al [73; 74].
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Figure 3.2: The workchart of a design-through-analysis process [74]

The idea of IGA is that the functions used for the geometry description in CAD
are adopted by the analysis for the geometry and the solution field. By this, the whole
process of meshing can be omitted and the two models for design and analysis merge
into one. This chapter provides a basic introduction into the concepts of isogeometric
analysis and isogeometric finite elements which are used for limit and shakedown analysis.
Some terms are defined to understand NURBS-based on isogeometric analysis. There
are 2 notions of meshes, the control mesh and the physical mesh as shown in Fig 3.3.
The control mesh does not conform to the actual geometry. The control variables are the
degree of freedom and located in control points. The physical mesh is a decomposition
of actual geometry. There are two notions of elements in physical mesh, the patch and
the knot span. The patch may be thought of as a macro-element or subdomain. Each

patch has two representations, one in a parent domain and one in physical space. Each
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patch can be decomposed into knot spans. Knot spans are convenient for numerical

quadrature. They have presentations in both a parent domain and physical space.

Control points

s

Control mesh

—
Phvsical mesh

Figure 3.3: The concept of mesh in IGA: Physical
mesh, control mesh and control points.

Physical space Parametric space Parent space

1 K
344
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==X — >
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v
=

L
Z

L I8
s

L
1

Typical shape function

N
o 4

IGA-Mesh and control point
N, ()
Lp (e)

Figure 3.4: The concept of IGA: Physical space (a), parametric space (b), parent

space (c) and typical basis functions (d). IGA mesh and control point, The red
squares represent control points
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NURBS functions are used as shape functions for modelling the geometry of the
structure and are also used as shape functions in the analysis process. NURBS are the
cornerstone of IGA. NURBS are built from B-splines. B-splines are dependent on the
polynomial degree p and a knot vector &, which is defined in the parameter space. In
the following, the definitions for isogeometric NURBS-elements are presented, as well

as their consequences for analysis and the differences to classical finite element analysis.
3.2 NURBS

The NURBS basis functions are defined using the B-spline basis functions, and the
former is actually a generalization of the latter. Thus, in order to use the NURBS basis
functions, it is necessary to understand how the B-spline basis functions behave. This
section is started by defining the B-spline basis functions and explore some of their

most important properties.
3.2.1 B-Splines basis functions

In order to construct B-spline basis functions of degree p, we need a knot vector.
The knot vector is defined as a set of parametric coordinates, called knot value &; in
non-descending sequence of numbers, written = = [51, &y, §m}. The knot value &; can
appear more than once and is then called a multiple knot. The interval between two
consecutive knots (fl, §i+1> is called knot span. Two types of knot vectors are used in
computer-aided design, namely periodic and open knot vectors. In this thesis, the term
“open” is used and the parameter space is used the interval [0; 1]. The open knot vector

is always of the form:

== [ ga;&uga a"'7£i7 SE3) gbvfbagb :| where ga =0& gb =1 (31)
—— ——
p + 1—times p + 1—times

The most common knot vector used in CAD is the non-uniform open knot vector, which
calls two properties in one:(1. non-uniform — the space between the knots is not equal;
2. open — the first and last knots are repeated p + 1 times). Based on the knot vector
== [51, $oy ey fm} and the polynomial degree p, the B-Spline basis functions are defined

recursively by the Cox-deBoor recursion formula as follows, starting with p = 0

(§)= 1 & <E<é&in (3.2)

0 otherwise,
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Forp >1

Nip(§) = 5ip__&&]\fi,pl (&) + m]\fiﬂ,pl (3] (3.3)

The first derivative of a B-Spline basis function is computed by the following formula:

_r - r N
Ni’p (g) Sz-l-p & ,p ! (5) gi-l—p-i-l - €i+1 NH_LP_I (g) (34)

Similarly, higher order derivatives, Ni’fp are computed by following the same procedure:

NE (€)= —2—NE (6) - gp_gzv () (3.5)
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(c) Cubic C? B-Spline basis functions (d) Cubic B-Splines with mixed continuities

Figure 3.5: Different types of B-Spline basis functions on the same distinct knot vector

Example: Fig 3.5 shows an example of B-Spline basis functions with dif-
ferent degrees and continuities based on the same distinct knot vector E =
[0,0.2,0.4,0.6,0.8,1}. Using knot vectors =, = [0,0,0.2,0.4,0.6,0.8,1,1}, =, =
0,0,0,0.2,0.4,0.6,0.8,1,1,1], Z = |0,0,0,0,0.2,0.4,0.6,0.8,1,1,1,1] and Ey =
{0, 0,0,0,0.2,0.2,0.4,0.6,0.8,0.8,0.8,1,1, 1, 1], the linear B-Spline basis functions with

C°-continuity are obtained quadratic with C'-continuity, cubic with C?-continuity and
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cubic with C'-continuity at & = 0.4, C%-continuity at £ = 0.8 and C?-continuity at all

other knots, respectively. These functions are shown in Fig 3.5 (a,b,c and d).

| | |

| | |
3 | | | 3
R | | | N;

| | |

\ | | |

| | |

| | |

+3 4
3
N,
’3
N,
3
3
Ny
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+6 | N//3 | | | N//3
0 | | | 7 |
//3 //3
l N2 N l |
| | | |
‘ I ‘ o
| | |
| | |
| | |
| | |
l l l
" | | |
N1 3 \ I | |
| | | |
-9/ l I l l
0 1 2 3 4

Figure 3.6: The cubic B-Spline functions N?(£) and its first and second derivatives
on the domain defined by the knot vector E = [0, 0,0,0,1,2,2,3,4,4,4, 4]
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Important properties of B-spline basis functions
B-spline basis functions have several important properties:

+ Local support: N;, (f) is a polynomial function of degree p and non-zero only in
the interval [fi, §i+p+1)

+ Partition of unity: gjl Nip (5) =1

+ Non-negativity: Niﬁp(ﬁ) >0

+ Linear independence: ZZ::l aiNi,p(Q*) =0&a;=0,7=1,...,n

+ Basis function N, (5) is CP~* if a knot repeats k times. Thus, the continuity of

the B-spline basis functions decrease by increasing the multiplicity of the knot.

The proofs can be found in Ref [94].
Fig 3.6 illustrates some of these properties for a set of cubic basis functions. The local
support and the non-negativity of the basis functions can be readily observed, as well as

the interpolative nature of the basis functions N?(£) at the boundaries of the domain.
3.2.2 B-Spline Curves

B-Spline curves are defined by a linear combination of control points and basis

functions over a parametric space. A B-spline curve can be expressed as
C &)=Y Noy () P, (3.6)

where C (§) is the physical curve of interest,

Properties of B-splines

+ Convex Hull Property: A curve may lie within the convex hull of the control

polygon.

+ Locality Properties: if a particular control point is moved, the curve is affected

only in a local area. The control points have influence on maximum p + 1 sections.

+ For open knot vectors, the first and the last control point are interpolated and the

curve is tangential to the control polygon at the start and the end of the curve.

+ The curve is C™ continuous between two knots and CP~* continuous at a knot of

multiplicity &.
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3.2.3 B-Spline Surfaces

Given two knot vectors = = [51, &y, §n} and H = |ny,12, ..., m |, two polynomial
degrees p and ¢ and a set of n X m control points P; ;. Similarly to the case of a curve,

the function for a B-Spline surface is computed as below:

S N () My (1) P (37)

15=1

S(é,n) =

where N;, and M, are B-Spline basis functions in two parametric dimensions § and 7.
3.2.4 B-Spline Solids

Similar to surfaces, a B-Spline solid is obtained by the tensor product of B-Spline
basis functions N;,, M;, and Ly, in three parametric dimensions £, 7 and ¢ with a set

of n x m x lcontrol points P; ;; as below:
n m I

V<§’ 77) =222 Nip (5) M;, (n)Pi,j (3.8)

i=1 j=1k=1

3.2.5 Refinement techniques

In order to increase the accuracy of the solution, we might have to be refined.

Three types of refinement are operated in isogeometric analysis:
e Knot insertion (h-refinement)
e Degree elevation (p-refinement)

e k-refinement

3.2.5.1 Knot insertion (h-refinement)

The knot insertion method is called h—refinement. The new knot values will add between
existing knots without changing the curve. Result of this technique increases number of
elements and control points. Assumed that we have a knot vector = = [51, I Sm}
Inserting a new knot & C (fk, §k+1> with k > p into the original knot vector. Number
of basis functions will increase one and will determine following Eq. 3.2 or 3.3. The

m = n+ 1 new control points {]51}? are formed from the original control points, {B}T’
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as follow:
P, 1=1
P, 1=m
where
1 1<k—p
) =& :
=9 ——— k—p+1<i<k (3.10)
€p+i _éi
0 >k+1

1 1
0.5 \>Z 0.5
\
0.5 1

0 0 o
0 . 0 0.5 1
Original basis functions New basis functions
o /\
Original curve and control points Refined curve and control points
Original two element mesh Refined four element mesh
(a) E=10,0,0, 05,1, 1, 1] (b) E=10, 0, 0, 0.25, 0.5, 0.75, 1, 1, 1]

Figure 3.7: Knot insertion. Control points are denoted by red circular e. The knots,
which define a mesh by partitioning the curve into elements, are denoted by green
square M
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Fig 3.7 shows an example h refinement with original knot vector E =
0,0, 0, 05, 1, 1, 1] and new knot vector Z = [0, 0, 0, 0.25, 0.5, 0.75, 1, 1, 1]

after h-refinement.

3.2.5.2 Degree elevation (p-refinement)

1 1
0.5 0.5
0 \ 0"
0 0.5 1 0 0.5 1
Original basis functions New basis functions

Original curve and control points Refined curve and control points
Original two element mesh Refined two element mesh
(a) E=10,0,0,05 1, 1, 1] (b) E=10,0,0, 0,05, 0.5 1, 1, 1, 1]

Figure 3.8: Knot insertion. Control points are denoted by red circular e. The knots,
which define a mesh by partitioning the curve into elements, are denoted by green
square

This is technique used to rise a the polynomial order of the element or raise the
polynomial degree of the basis functions. Order elevation involves increasing the

multiplicity of each knot value by one. The geometry and the parametrization of the
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physical curve are not changed, however the number of basis functions and control
points increases. The number of elements remains the same because no new knot is

added. The basis funtion CP~* is continuous at the knots of multiplicity k& This process

is illustrated in Fig 3.8.
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Figure 3.9: Comparison of refinement strategies: p-refinement and k-refinement
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3.2.5.3 k-refinement

This technique is a combination of both order elevation and knot insertion. The idea is
to increase both the order of the curve and also the continuity across knot values. This
method can also be presented as starting with a knot vector with only first and last
values, do order elevation as much as desired, and finally insert knots between first and
last values. Hence combination of order elevation and knot insertion. The concept of k
refinement is shown in Fig 3.9(b). Fig 3.9 also shows a comparison of two refinement

method: p-refinement and k-refinement.
3.2.6 NURBS

Even though B-splines are widely used, they have the limitation that they cannot
represent conics as circles and ellipses, exactly. In order to overcome this limitation,
a rational form of B-splines was developed and this is the NURBS. It represents a
transformation from a space in R4*! to a space in R?, where d is the number of physical
spatial coordinates. Such a point P;(x;,y;, z;, w;) in R? space can be represented with
homogeneous coordinates PY(w;x;, wiy;, w;z;, w;) in a projective R* space.

Given a set of positive weights w;, w; ; and w; j, € R, where ¢ = 1,2,...,n; j =1, 2,...,
m and k =1, 2,..., . NURBS basis functions are defined as:

1. 1D NURBS shape basis function

A Nip(&)w; N;p(&)w;
Ry (¢) »(¢) (©) (3.11)

= (3.12)
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3. 3D NURBS shape basis function

Ae M;q(n)Lir (¢ )wi s

n m I
%:1 521 EZ::1 Ng,p <§) Miq (77) LTM <g) Tk (3- 13)

) (€> M;, (77) Ly (C) Wij
W (&m,¢)

=

where N, ,, (f), M; . (77) and Ly, , (C ) are B-Spline basis functions in parametric dimension
&, n and ( respectively. Based on the 1D, 2D and 3D Nurbs basis functions above and

a set of control points, we define the Nurbs curve, surface and solid as below:

1. NURBS curve is defined by three things: control points, the curve’s order and a

knot vector .

C&) =) R (P; (3.14)

=1

0.5F

0Cl 0.25 0.5 0.75 1 L L L L L
& -1 -0.5 0 0.5 1
(a) Quadratic NURBS basis functions of the circle (b) Circle (blue) with control points (red) and con-
trol polygon (dashed red)

Figure 3.10: A circle as a NURBS curve

2. NURBS surface

S(&.m) = i i R (€,n)Pi; (3.15)

i=1j5=1



3.3 NURBS-based isogeometric analysis 44

3. NURBS solid

l
> R (&, ¢) P (3.16)

1j=1k=1

V(&n.¢) =

(2

n m

(a) (b) (©

Figure 3.11: Bent pipe modeled with a single NURBS patch. (a) Geometry.
(b) NURBS mesh with control points. (¢) Geometry with 32 NURBS elements

3.3 NURBS-based isogeometric analysis

Similar to finite element analysis, isogeometric analysis works with elements. To obtain
the system equation the principle of virtual work is presented in Eq. (2.24). The
relationship that links the displacement of the system to the general displacement field

is as follows:
u(x) = Rq (3.17)

where R is the NURBS shape function, u(x) is displacement field and q is displacement

at control points. The strain can be writen as

_811_8R

TTox ox

q =Bq (3.18)
where B is the strain-displacement matrix, while the stress is obtained

o =De =DBq (3.19)
The virtual strains and displacements may be expressed as

su’ = 5q'R” (3.20)
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<Loop through elements><7

v

Read input K<=0 and Fe=0
data

v

L h h
Build connectivities and allocate <oop throug quadrature><_

oints
global arrays P i
i Evaluate basis functions

and derivatives

v

Add contributions to
K° and F¢

K=0 and F=0

v

Solve Kd=F

Write Assemblee Kc—K
output data and F*—F

Figure 3.12: Flowchart of a classical finite element code. This
figure is adopted in Prof. Hughes’ book [74]

6e’ = 6q" BT (3.21)

Insert Eq.3.20 and 3.21 into the principle of virtual work, we have

(5q) ( /Q B”DBdS)q — /Q R7gd2— | RdeFt> —0 (3.22)



3.3 NURBS-based isogeometric analysis

< Loop through patches ><7

Read global Read patch
|nput data mput data

) Loop through elements
Build connectivities and allocate on the current patch
global arrays ¢
i K*=0 and F¢=0
K=0 and F=0 ¢

Loop through quadrature &
points

!

Evaluate basis functions
and derivatives

v

Add contributions to
K¢ and F¢

v

Solve Kd=F

Assemble K¢—K

Write and Fe—>F
output data

Figure 3.13: Flowchart of a multi-patch isogeometric analysis code. This
figure is adopted in Prof. Hughes’ book [74]
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For an arbitrary <5q), the above equation can be written as a simple form
Kq=f (3.23)

where K is global stiffness matrix and f denotes global external load. Each of the

components is the sum of their respective element contributions:

K:iKe; fzznjfe; qziqe, (3.24)
e=1 e=1 e=1
where K, is the element stiffness matrix,
K, — /Q B’DBdS, (3.25)
and the external load is
£, = /Q RTgd(), + /F RTfdT,, (3.26)

The computer implementation of IGA has many similarities with a standard FEM
solver, but there are theoretic and technical differences one must be aware of when
going from the classical FEM to IGA. The flowchart of FEM code is shown in Fig
3.12. The main differences in the code architecture from FEM to IGA are the input
data, the evaluation of the basis functions and the postprocessing part. The code can
be converted to an IGA code by replacing the routines that are shown in green. The
flowchart of multi-patch isogeometric analysis code is also shown in Fig 3.13. The

routines in green represent differences from the single-patch code.
3.3.1 Elements

As shown in Fig 3.4, every NURBS patch is defined over a parametric domain,
which is divided into intervals by the knot vectors. Equivalently to finite elements, a
NURBS element is defined by a set of nodes and corresponding basis functions. The
nodes are the NURBS control points. They carry the degrees of freedom for the analysis
and boundary conditions are applied to them. Since the element formulation in this
thesis is displacement-based, the degrees of freedom are the displacements of the control

points.
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Figure 3.14: Isogeometric elements. The basis functions extend over a series
of elements

It is important to note that with this definition of elements, the basis functions are
not confined to one element but extend over a series of elements, as illustrated in Fig
3.14. This is a very important difference to classical finite elements because it allows

higher continuities of shape functions over the element boundaries.
3.3.2 Mesh refinement

The methods of knot insertion and order elevation presented in Subsection 3.2.5,
are used for mesh refinement in the analysis. Here, knot insertion corresponds to
h-refinement of classical FEA since the number of elements is increased and order
elevation corresponds to p-refinement. An important difference to refinement in classical
FEA is that the refinement for NURBS does not change the geometry. This means that
in each refinement step, the geometry is represented exactly and therefore a refined

mesh can be further refined without the necessity of going back to the original model.
3.3.3 Stiffness matrix

Numerical integration of the stiffness matrix 1D for the patch is computed as:

NG
Kip= )Y { {B(&‘)

i=1

"£] [ (&) [4] et ] wgvc} 327

Numerical integration of the stiffness matrix 2D for the patch is computed as:

NG¢NG,,

Kop = ZZ{[ (€. m) ﬁ H (gl,nj)}det[t]} NGﬁwj.VG"} (3.28)

=1 j=1
Numerical integration of the stiffness matrix 2D for the patch is evaluated as:
NG¢NG, NG

KgD—ZZZ{[ (€ 0| [5][Blm 0] der [ ] ”Géwj“""wi“’*} (3.29)

i=1 j=1 k=1
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Where notations in Eqgs. 3.27, 3.28 and 3.29:

e B(&), B(&,n;) and B(&,n;,Cx): the deformation matrix or strain-displacement
matrix in 1D, 2D and 3D, respectively.

e J: Jacobian matrix.

e F: Constitutive matrix of elastic stiffnesses.

o NG¢: the total number of Gaussian points per & for the specific patch.
e NG, : the total number of Gaussian points per n for the specific patch.
e NG¢: the total number of Gauss Points per ¢ for the specific patch.

e &, n; and (: the coordinates of the tensor product Gaussian point ith jth and

k' respectively.

NG NGy,
% ) wj

k" respectively.

o w and w,iVGC: the corresponding weights of Gaussian point 7", j** and

3.4 A brief of NURBS based on Bézier

extraction

As mentioned above, the IGA uses NURBS (or B-spline) functions for numerical analysis.
An overview of these functions is presented in Section 3.2. In this section, the Bézier
extraction operator for NURBS are discussed. Bézier extraction is a process in which the
knots insertion algorithm is performed over the existing knots to p times. This process
allows us to integrate IGA with existing FEM codes. Borden et al. [75] introduced

these formulas, which are adopted in this section.
3.4.1 Bézier decomposition

We begin with the decomposition the curve of order p into its Bézier elements. We
use the knot insertion algorithm for repeating all interior knots of a given knot vector to
p times. This process subdivides the geometry into Bézier elements, leading to reducing
the order of continuity of the NURBS but the continuity of curve is unchanged. It also
means that NURBS basis functions have C° continuous between elements and become
Bézier basis functions.

An example of a Bézier decomposition of the B-splines basis functions used with
knot insertions with an original knot vector 2 = |0, 0, 0, 0.2, 0.4, 0.6, 0.8, 1, 1, 1}
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is shown in Fig 3.15. As a result, the number of control points and of basis functions

increase equivalently.

0.8
0.6
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0
0.5 0.75 1
—_

(b) = -

(a) E=10, 0, 0, 0.25, 0.5, 0.75, 1, 1, 1] [0, 0, 0, 0.25, 0.25, 0.5, 0.75, 1, 1, 1]
y

0.8

0.6

0.4r

0.2

1

(c) = = (d) = -
[0, 0, 0, 0.25, 0.25, 0.5, 0.5, 0.75, 1, 1, 1] [0, 0, 0, 0.25, 0.25, 0.5, 0.5, 0.75, 0.75, 1, 1, 1]

Figure 3.15: Bézier decomposition of
==1[0,0,0 025 05 075 1, 1, 1]
3.4.2 Bézier extraction [75; 76; 95] of NURBS

Supposedly, a B-spline curve has a knot vector 2 = [51, oy, §n+p+1] and a set of
control points P = {P;} ;. It allows us to gain m new control P = {P;}", from the
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original control points P = {P;}7, as

Pl 7,21
P, =1 ;P + (1 — ;) Py 1<i<m (3.30)

Let {&, &, ...5]-, fm} be a set of knots inserted in Bézier decomposition. Let a{, 1=
1,2,...,n + j, be i component of a to j" knot inserted for each new knot &;; j =

1,2,...,m. «; defined as

1 1<i<k—p
] ‘
Q=4 — E—p+1<i<k (3.31)
§i+p - 62
0 1> k+1
Now, defining C7 in [71].
_Oél 1-— (0%} 0 ]
O (6) 1— Q3 O
CJ — 0 as l—a4 O 0 (3.32)
i 0 0 Qptji—1 1- Oén+j_

In matrix form, Eq. 3.30 can be written by knot insertion process as
Pt = (7)) P (3.33)
where P! = P. The final set of control points is a new set of Bézier ones
c’ = (cm) (c™) (")’ (3.34)

Consequently, the relation between new Bézier control points and original B-spline ones
has the following form
P =C"P (3.35)

where C' is called the Bézier extraction operator. The B-spline curve is from

z(¢) = P'N(¢) (3.36)
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and after inserting knots, B-spline curve with Bézier points becomes:
2(€) = «(P") B(¢) = P"CBY(¢) (3.37)
From Eqgs. 3.36 and 3.37 one obtains
N°(¢) =C"B(¢) (3.38)

In Eq. 3.38, the B-spline basis functions are equal to the Bernstein polynomials through
C°; where C° is a Bézier extraction operator, e denotes the element number and B (f)

are Bernstein polynomials which is in bi-unit interval { -1 1] as follows:

1 1
Bip (f) = §<1 - f) Bi,p—1(§> + 5(1 + 5) Bz’—l,p—l(f) (3.39)
where
Bio(§) =1 and  Bi,(§) =0 if i<lori>p+1 (3.40)
1
0.75
05
0.25 -
. . .
-1 0.5 0 0.5 0.5 1
(@ p=1
1 1
0.75 0.75
05 05
0.25 025
0 0 . L .
-1 -0.5 0 0.5 -1 -0.5 0 0.5 1
() p=3 (d) p=4

Figure 3.16: The Bernstein polynomials for polynomial degree p
=1,2,3 and 4.
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The Bernstein polynomials are also symmetric and interpolatory at the endpoints,

similar to the Lagrange polynomials. The 7*" derivative is

d p

dngz‘,p(g) = §{Bi—1,p—1(§> - Bz‘,p—1<§)} (3.41)
On the result in Eq. 3.36, a NURBS curve can be written as

#(€) = W1<£) PTWCN (¢) = Wl(g)
(3.42)

where W are the NURBS weights. The weight function W(f) is written as follows

P"WCB(c) = W(g)(CTWP> B(c)

W(e) =w'N(e) =wCB(e) = (w) B - W) By

b

where w” are the Bézier weights and are computed

w’ =CTw (3.44)

Similar to Eq. 3.36, a NURBS curve in terms of Bézier points becomes

2(€) = Wbl(g) (P”)TWbB (¢). (3.45)

where W is the Bézier weights. Comparing Eqs. 3.42 and 3.45, the relation between
the Bézier control points and the NUBRS control points are obtained as

-1
j (Wb> CTWP (3.46)
The NURBS basis functions for element e using the Bézier extraction operator become

WGNE (é‘) B WeCeBe (6)

R°(&) = = (3.47)
Extraction operator of surface and solid works in the same manner as the NURBS curve
as follows:
ce = (¢) o Ce(n) (3.48)
and

ce=cC(g)ace(n) @ C(C) (3.49)
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where C* (5)7 Ce (77) and C* (C > are the univariate elemental Bézier extractors in the
&,m and ¢ direction.

3.5 A brief review on Lagrange extraction of

smooth splines

A detail of Lagrange extraction based on smooth splines is presented in the work
of Dominik Schillinger et al. [77]. We present an overview of this process which
decomposites a smooth piecewise polynomial B-spline basis into a C° nodal Lagrange

basis.

3.5.1 Lagrange decomposition

A B-spline curve C'(§) as shown in Fig 3.17 (a) is defined by a linear combination
of B-spline basis functions NN, and corresponding set of vector-valued control points

P; over the parametric space as follows:

n

C(6) = . Niyl©)P, = P'N(©) (3.50)

0l 02 03
e e
(b) Corresponding cubic B-spline basis.

Figure 3.17: Smooth C?-continuous curve represented by a B-spline basis

The parametric space which is used to define the B-spline basis function can be

derived into knot spans as elements Q¢ in the isogeometric analysis as depicted in Fig
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3.17 (b). We now concentrate on a single element e and establish this element to a new
parametric coordinate £ € [—1,1] . The element is supported (p 4+ 1) B-spline basis
functions created a linearly independent and complete polynomial basis up to degree p.
We can represent the B-spline basis functions in another form which is based on a linear
combination of the basis functions of any other polynomial basis and complete up to
polynomial degree p. The nodal Lagrange basis functions satisfies these two properties.

For each B-spline function, we can therefore write

pt1
N;,p(é) = Z aabLb,p<€> (351)
b=1
or in matrix form
N*¢(§) = DL(¢) (3.52)

®. L

12
I P
\\Js/
LD T 0=
8’79

(a) Lagrange curve and Lagrange control points.

(b) Corresponding cubic nodal basis.

Figure 3.18: Smooth C?-continuous curve represented by a nodal Lagrange basis

and after inserting Eq. (3.52) into Eq. (3.50), the B-spline curve segment with
nodal Lagrange points in Eq. (3.50) becomes

cey = (P?) N(¢) = (P) D°L(¢) = (P) L(¢) (3.53)
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where L(§) = Lw(g)gi} in Egs. (3.52, 3.53) is a standard Lagrange basis functions
which are identical in each element and associated nodal points &, on the element e.
Unlike B-splines basis functions which are required index e due to a difference in each
element, the Lagrange basis functions are the same in each element. Therefore, they
do not require an index e. D¢, containing the coefficients ayy, is a Lagrange extraction
operator for element e. From Eq. (3.52), we can also see that the element B-splines
functions are equal to the Lagrange basis function through D¢. Eq. (3.53) also shows

the relationship between the Lagrange and the smooth B-spline control points as follows:
P =D'P (3.54)

Fig. 3.18 (a) shows the Lagrange control points and the new curve represented by
Lagrange basis functions which is the same as the B-splines one as shown in Fig 3.17 (a).
Fig 3.18 (a) also shows that this curve remains higher-order continuity between curve
elements in spite of C° continuous Lagrange shape functions at element boundaries.

The cubic Lagrange basis functions are shown in Fig 3.18 (b) over each element.

3.5.2 The Lagrange extraction operator

In this subsection, the computation of the Lagrange extraction operator is presented

by using its interpolatory property at the nodal points &, [96].

A 1 if a=0
Lop(&) = (3.55)
0 if a#b

Fig. 3.18 (b) illustrates an examples of the interpolatory property at element nodes.
An interpolation u(&) of a function u(&) can be obtained by using Eq. (3.55) with nodal

basis functions L, , as follow
p+1

ﬂ(f) = Z:l La,pu(éa) (356)

From Eq.(3.55) and (3.56), the coefficients of D¢ in the a'" row in Eq. (3.52) can be
obtained by evaluating the corresponding N7, at all element nodes {fb}é’;rll . The full

Lagrange extraction operator, D¢, for 1D element can be expressed as

DZb:Nae,p(éb>7 {C%b}:l,,p-i-l (357)
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or in matrix form

Nf,p(él) Nf,p(éQ) Nle,p(éPJrl)

N5, (&) N5 (&) .. N5 (&)

D° = (3.58)

N;—&-l,p(gl) N;+1,p(§2) Npe+17p(€p+1>

This subsection demonstrated the concept of one-dimensional Lagrange extraction
operator. A multi-dimensional one can be constructed by evaluating tensor-product
B-spline functions at nodal points. Summary of the element-level transformation
connections between B-spline and Lagrange basis functions is shown in Fig 3.19. An

example of the element-level transformation for 2D case is shown in Fig. 3.20.

Smooth B-splines Nodal basis (Lagrange)

>\

-1 1

Figure 3.19: Demonstration of the Lagrange extraction operators in 1D case and
their inverse for the transformation of B-spline, Lagrange on an element level. The
second B-Splines element of the example curve is shown in Fig 3.17

3.5.3 Rational Lagrange basis functions and control points

NURBS can represent some conic shapes such as circles and ellipsoids exactly
while B-Spline cannot represent these shapes. NURBS basis functions on each element

e, R°(§) = {R;ﬁp(g)}p“ can be defined as

a=1»

R, ,(§) = w (3.59)

where w, are weights of the a'* basis function. The weight function W is expressed as

pt1

W(E) = wNi, (&) (3.60)

b=1
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We can rewrite Eq. (3.59) in matrix form

R(¢) = Wl(g) WN () (3.61)

where W is the diagonal matrix of weights defined as

W = ‘ (3.62)
Wp+1

The NURBS curve in matrix form can be written as

C(€) = PR() = Wl@PT WN(©) (3.63)

Substituting Eq. (3.52) into Eq. (3.63), the NURBS curve becomes NURBS curve in

terms of the nodal Lagrange basis functions as follows

C6) = g PTWDL(E) = 75 (D" W)L (3.64)

The weight function W (&) in Eq. (3.68) is written in matrix form as
W(E) = w N () (3.65)
In terms of the nodal Lagrange basis, the weight function becomes
W(€) = w DL(E) = (D" w)" L(€) = (w))TL(¢) = W'(¢) (3.66)

where w = {w,}?7] is a weight vector associated with NURBS basis function while

w' = DT w is a weight vector associated with the Lagrange basis functions.

(3.67)

Wpt1
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By defining the diagonal matrix W' in Eq. (3.67), the Lagrange control points can be
computed as
P = (WH'D"WP (3.68)

This equation shows the connection between the Lagrange control points and the
NURBS ones. We obtain the new form by multiplying W' to both sides in Eq. (3.68)

as
D"WP=W'P (3.69)

Substituting Eq. (3.69) into Eq. (3.64), we finally obtain the Lagrange representation
of a NURBS curve.

C(€)= P'R(¢) = — PTWN() = — (D" WP)'L(¢)

W (&) W(¢)
_ 1 INT yarl R w(lzLa,p(f) !
- Wl(é-) (P> w DL(&) - az::l Wl(é.) Pa (370)

0 o
a) Quadratic NURBS shape (b) Quadratic NURBS shape (c) Quadratic Lagrange basis shape
function with knot value function for one element in the function for one element
E={00005111} range parametric value [0 0.5] in
H={00005111} both directions.

Figure 3.20: Demonstration of the Lagrange extraction operators in 2D case and their
inverse for the transformation of NURBS and Lagrange on an element level. The first
NURBS element of 2D case example is shown in Fig. 3.20(a)

In summary, each segment of a smooth NURBS curve can be equivalently repre-
sented by a set of C° nodal Lagrange elements. Note that the Lagrange representation
of the NURBS curve still remains smoothness between curve segments in spite of the

C° continuity of the nodal basis functions at element boundaries.
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3.5.4 Using Lagrange extraction operators in a finite element code

After using a CAD tool to design the analyzed geometric object, we generate
the data included Lagrange elements, control points P', weights W' and extraction
operators D. These information are stored for each element separately. In element-level
subroutines, we can use a standard nodal FEM code to compute the element stiffness
matrix k%, and the element load vector fr,,. Then, we use Lagrange extraction
operator to compute the IGA element stiffness and load vector in Egs. (3.71, 3.72) to
transform the C°-continuous Lagrange to the NURBS element before assembly into the

global arrays.

T

1A = (De) FEA (De) (3.71)

fioa= (De) Frea (3.72)

where kf., and k%, are the element stiffness matrices and ff,, and ffip4 are the

element force vectors for the smooth spline case and C° continuous Lagrange case,

respectively.



THE ISOGEOMETRIC FINITE
ELEMENT METHOD APPROACH TO
LIMIT AND SHAKEDOWN ANALYSIS

4.1 Introduction

In general, the problem of limit and shakedown analysis can be transformed into an
issue of mathematical nonlinear programming. In this chapter, the integrations in Eq.
(2.53) is transformed into summation forms, which are based on two discreatizations as

follows:

e Load domain discretization: the integration over a certain time interval ¢ € [O, T}
is transformed into a summation form for £ = 1, m, where k is a loading vertex
and m = 2" is a number of vertices in the load space, n is the number of variable

loads.

e [sogeometric finite element discretization: the integration over the entire structure
Q) is transformed into the numerical integration for ¢ = 1, NG, where 7 is a

Gaussian point and NG is the number of Gaussian points in the structure.

With these discretizations, the limit and shakedown analysis is reduced to checking the
restrictions only at all load vertices m and all Gaussian points NG instead of checking
for the entire load domain L and the entire structure €).

Studying the lower bound theorem of Melan [16], Belystchko [19] showed that if
the static shakedown condition is statisfied for all corners of the given convex polyhedral

load domain then it will be satisfied for any load path within this domain. According

61
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to the von Mises yield criterion and this remark, the shakedown limit load factor is
introduced as a nonlinear optimization problem by Belystchko [19]. Based on the static
theorem of Melan [16], Corradi et al. [97] improved Maier’s work which analyzed the
shakedown problem by linear programming with large number constraints to less linear
inequality constraints, applied in numerical computations and obtained a primal static
formulation as well as its dual kinematic version through duality properties. Dualities
and convergence in limit and shakedown analysis were studied by Morelle [89; 90],
Nguyen [98], Xue et al. [99], Xu et al. [100],...They focused two different kinds of
duality in shakedown.

Discrete formulations of lower bound methods for perfectly plastic structures have
been presented by some researchers such as: Hachemi et al. [101], Weichert [102], Le et
al. [48] and so on. A primal dual approach to the discretization of the upper and lower
bound method has been presented for perfectly plastic structures by some researchers:
Vu. D. K [28], Yan [98], Do [54],.... A mainly extend Vu’s discrete formulation of the
upper bound method based on isogeometric analysis is investigated.

In this chapter, some problems are studied as below:

e The discretized formulations of limit and shakedown using isogeometric finite

element method.
e The duality between upper bound and lower bound of shakedown limit load factor.

e The dual procedure for limit and shakedown analysis algorithm between the upper

bound and lower bound.

4.2 TIsogeometric FEM discretizations

4.2.1 Discretization formulation of lower bound

As we know in analysis of solids, by appying the principle of virtual work presented
in Section 2.2.2 to the equilibrium equations we obtain their corresponding "weak form"
and this "weak form" can be discretized by mean of the isogeometric finite element
method.

First of all, the Eq. (2.24), the principle of virtual work equation, can be rewritten

in matrix form:

/aéerQ:/géquQJr/ qou’dr, (4.1)
Q Q Iy

The virtual displacement du within an element e is approximated by interpolation

of control point values:

ou=" Nous (4.2)
=1
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[ shape function matrix and the vector of virtual displacements

where IN; and uj are the
of the I control point of the IGA element e which has n,. control points. The virtual

strain de is derived by:
0 = 96u = ON (z)ou = B(=)ou’ (4.3)

Note that B(m) = ON (a:) is a deformation matrix. Eq.(4.3) is called strain-
displacement relation or relation of upper bound and lower bound method.
By subdividing the whole volume € into ne elements .. By using Eqgs.(4.2), (4.3) and

some manipulations, the integration Eq.(4.1) has the following form:

ne ng ne
> > wiBilo; =) f° (4.4)
e=11i=1 e=1

The Eq. (4.4) in elastic behaviour case becomes as follow

ne ng ne
Y. > wBiloi =3 fi (4.5)
e=11=1 e=1

where
e B¢ is the deformation matrix B(w) at Gauss point @x; of element (2,.
e f¢ is force vector of element e.
e w; is the weight factor of the Gauss point :.
e 1, is the total number of elements in €2
e ng is the total number of integration Gauss points in each element €2..

° aﬁ; defines the fictitious elastic stress vector at Gauss point i corressponding to

the load domain vertex P and is computed by % = E°Béus,.
e fr is force vector of element e coressponding to the load domain vertex P.
e E* is elastic modul matrix of the element e.

By integration on the whole elements using the Gauss-Legendre integration technique,

the Eq.(4.5) can be expressed as follow:

NG ne
Y wBioj =3 ff (4.6)
i=1 e=1
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where NG = ne x ng is total number of Gaussian point on whole domain.

For residual stress, the Eq.(4.6) can be written as

NG
> wBp;=B"p=0 (4.7)
i=1
where B is the global deformation matrix and p denotes the global residual stress
vector. They have the following form:

B = {wlBl,wQBg,...,wiBi, LW B

? NG-1 NG-1)

w,.B (4.8)

NG NG

ﬁT = |:ﬁ{7ﬁg7"'aﬁ?a"'7ﬁic175%(} (49)

Because the value of the residual stress p is calculated at Gaussian point, the discretized

necessary limit and shakedown conditions at Gaussian point ¢ can be represented by:

f(aa{%pi)go Vk=T,m Vi=T,NG (4.10)

By using Eq.(2.24), the lower bound of the shakedown load multiplier presented in Eq.
(2.37) may be written as:

a~ = max « (a)
subjected to: (4.11)
/Qésij(x)ﬁjﬁij(x)dfl =0 in (b)

/Q Seiy(x)oE(x, B)dQ = /Q Fi(x, By )id + /F (e, B)isdly on Ty (¢)
flaok(x, B) +py(x)) <0 Vk=Tm (d)

Finally, the lower bound of limit and shakedown load factor which is based on Eq.(4.11),
(4.7) and (4.10) becomes as

a~ = max « (a)
subjected to: (4.12)
NG
E wZBfTﬁl = BTﬁ =0 in ) (b)
i=1

f(ozai%%—pi) <0 Vi=Tm Vi—TNG (o
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The nonlinear mathmatical optimization problem in Eq.(4.12) has (NSC x NG + 1)
unknown variables: NSC' x NG the residual stress p; and load multiplier o, where

NSC denotes number of stress components of each Gaussian point.

4.2.2 Discretization formulation of upper bound and upper bound

algorithm

By subdividing the whole domain €2 into element (). as the same way in the lower

bound, the integration of the internal dissipation energy becomes

m ne

>3 | Dr(eh)ao (4.13)

k=1le=1

In case of using the von Mises yield criterion, the plastic dissipation function has a form

as

1
DP(2h) = 2k, [ Ja(éh) = 2k, 561 Dis (4.14)

where 5 is plastic stain rate vector at load vertex k. Dy is a diagonal square matrix

and has a form as

I 1
D, = diag|1 1 2} for plane stress or plane strain problems (4.15)
T 1 . .
D, =diag|1 1 1 2} for axisymmetric problems (4.16)
T 1 1 1
D, =diag|1 1 1 5 3 2} for 3D problems (4.17)

and € denotes the vector of strain rate at load vertex k.

T
ék:{é]ﬂ 5152 5153 25']{:2 2é§3 25@1}
T (4.18)

for 3D problems

I YR N S Y Y
—[511 €0 €33 V2 Y23 V31

Subtitution Eq.(4.14) into Eq.(4.13), the Eq.(4.13) becomes as

ZZ/ 2k, ,/ €7D, é,d0) (4.19)
k=le=1
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The integration of the internal dissipation energy in Eq. (4.19) is calculated at Gaussian

point ¢ by using the Gauss-Legendre integration technique. The Eq. (4.19) becomes as

m ne m ne ng
ZZ/ DP(25)d0 = zzzzzﬂ/ T Dy
k=1le=1 k=le=1i=1

(4.20)
m NG
=33 V2k,uwiy/él Dy

k=11:1=1

The difficulty of limit and shakedown analysis based on upper bound deals with singular
dissipation function. In order to overcome this difficulty, many researchers such as Bui
[103], Jospin and Nguyen [28], Yan [93],... ultilized a technique called regularization
of plastic dissipation function as an alternative plastic dissipation. The regularization
method may be devided into three goups as viscous-plastic, separated-region and whole-
region regularization method. Following the whole-region regularization technique,
Anderson et al. [25; 26] modified the original dissipation function DP? (55’]) by another
one DP (8 + €0>. where ¢ is a small value with condition 0 < €2 << 1. We also follows

this regularization in our analysis. Eq.(4.20) becomes

m  ne m NG

S5 [ Do e a0 =30 VoS Dn r s (42)

k=1le=1 k=11i=1

By applying the same integration technique, the external energy calculated at Gaussian

point ¢ can be written as

m NG
Z/O’ eFdQ =33 w0l (4.22)
k=1i=1
The incompressibility condition and compatible condition at each Gauss point i become
as
Y e = Bu (4.23)
eb ek 4 éh =0 for 3D problems (4.24)

Eq.(4.24) in general problem can be expressed in matrix form as

Dy, =0 (4.25)
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where D, is a square matrix and has a following form as

110
D, = 10 for plane stress or plane strain problems (4.26)
00 0
1110
1110
D, = for axisymmetric problems (4.27)
1110
0000
(11100 0
111000
1 11000
D, = for 3D problems (4.28)
00 0O0O0O0
00O0O0O0O
00 0O0O0O0

From Eq.(4.21) to Eq.(4.25), the optimization problem for shakedown limit load multi-
plier based on upper bound approach in Eq.(2.53) is formulated as

m NG
a’ = min Z Z V 2k, win/ el Dy + €3 (a)
k=1 i=1
subjected to: (4.29)
S ép=Bu  Vi=1,NG (b)
k=1
D,y =0 VE=1,m Vi=1 NG (c)
m NG
> Y wighak =1 (d)
k=1i=1

By reason of simplicity, we begin with rewriting the upper bound shakedown limit in

Eq.(4.29) by defining some new definitions

+ The new strain rate vector e;;
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+ The new fictitious elastic stress vector t;;

tiy, = D;V?0E (4.31)

+ The new deformation matrix sz

1
where D!/? and D;'/? are symmetric matrices such that: D;'/? = (Dg/ 2) and

D, = D!?D}/?. From Eq.(4.17), we have D/2, D!/2 for 3D problems as follow:

(4.33)

1 1 1
D!/? —diagll 11 ]

V2 V2 V2
Dsl/demg[l 11 V2 V2 ﬂ] (4.34)

Then the objective function in Eq.(4.29)a can be rewritten as

m NG
at = min Z Z \/ﬁkvwm/éﬁ;Dsém + &3
k=1i=1
(4.35)
m NG m NG
— V2k, SN w2l Dy + wied = V2k, 3.5 \Jehéu + ey
k=1i=1 k=1i=1

As mentioned above, g, a small positive value, is chosen to overcome the singularity
of the objective function. This leads to assume that gy, a small positive number, is

chosen to satisfy as

EoN = Wi = constant Vi=1 NG (4.36)

Finally, a simplified form is obtained for the upper bound shakedown limit load as

m NG
o =min) > \/ikv\/m (a)
k=11=1

subjected to: (4.37)
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S e — Biu=0 Vi=1,NG (b)
k=1

1

gDveik =0 VE=1,m Vi=1,NG (c)
m NG

k=1i=1

In order to solve optimization problem in Eq.(4.37), we use penalty method to modify
the original objective function by adding the compatibility constraint in Eq. (4.37b)

and incompressibility constraint (4.37¢). The penalty function has a form as

NG m m
c
Fp = Z { Z V2k, elej + ety + B E eg];Dveik
k=1 k=1

i=1

(4.38)

where

e ¢ is penalty parameter satisfied condition ¢ >> 1. The parameter ¢ may be
dependent on integration points or load vertices and ¢ should be adjusted to fit
different compatibility criteria. However, at this stage, for the sake of simplicity,
c is let to be constant everywhere. Theoretically, when ¢ goes to infinity we will

recover related conditions.

e cly is a positive number and its value is reduced to zero as the procedure
converges to solution. When &2, goes to zero, the accurate solution may be

expected provided that c is sufficiently large.

Based on the penalty function above, the upper bound problem in Eq.(4.37) converts

into the modified form as:

ot =2k, ( min Fp> (a)

subjected to: (4.39)
m NG

>N et —1=0 (b)

k=11i=1
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The problem in Eq.(4.39) can be solved by using Lagrange multiplier method. The
Lagrange function of Eq.(4.39) has a form as

m NG
Fpp = Fp — a< Y>> et — 1> (4.40)

k=1i=1
In order to find the minimum of function Fpy, the first derivative of the variables in
Eq.(4.40) must be equal to zero. The stationary condition called Karush-Kuhn-Tucker

condition for the Lagrange function Fp; states that

F i m
Ofer, _ Sk tcY Dyey
deik vehen+edy k=1
+C< g €. — B/u) — Oétik =0 VZ, k (a)
k=1
(4.41)
OF NG . m A
PL = =>> Bf( S e — Bm) = (b)
ou i=1 =
8FPL m NG T
aa kzzzl = €rlik ( )

In order to reduce numerical difficulty in singular situation when /€% e, + €2y — 0,
the equivalent of Eq.(4.41a) can be expressed as

e +cyehen +edyDoey +cy el e +edy < > en— BZU) —ay/el e+ eyt =0
k=1
(4.42)

By reason of simplicity, we define some new functions as

= (en + c/eliea + By Diea
oyeen A 3o e Bar) ~ofeew ) (@ (499

k=1
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The Eq.(4.41) with new definitions in Eq.(4.43) becomes as
Jir =0

NG NG m R
;h’i = ;BZT (l;eik - Bi“) =0 (4.44)
m NG

Y Y ehti—1=0

k=1i=1

To solve Eqs.(4.44) by applying Newton-Raphson method, we get the following form as

Hdey, + /el e + ey (Zdeik - ﬁidu> —dan/eh e + it = —fi ()
k=1

NG m A NG

i=1 k=1 i=1

m NG m NG

ZZtZ,;dezk = —ZZtﬁeik -+ 1 (C)
k=1i=1 k=1i=1

(4.45)
where

1
H; = ( [Iik + c\/eg,;eik + 5(2)NDU] + chveik
vVeben+ ety

+ c( Z e — E,u) — atz,;] eﬁ)

k=1

(4.46)

In Eq.(4.45), dej,du are the incremental vectors of strain rate and displacement
respectively while da is the incremental value of o and I, defines the identity matrix.
The algorithm reaches convergence more stably if the first term of Hj; is only kept in
Eq.(4.46) and Eq.(4.46) approximates as

H;, ~ lIik +cy/ehen + 53NDU] (4.47)
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The incremental vectors of strain rate, de;, can be computed from Eq.(4.45.a) as

de;. = ( —cy\Jehey +eivH,! ( > dey — ﬁﬂu) +day/el e, + 2y Hi iy,

k=1
(4.48)
- Hiklfik>
Writing Eq.(4.48) for kK = 1, m, and then sum them up, we get
> degy, :( — KD yJelen + e H! ( > dey — Eidu>
k=1 k=1 k=1
(4.49)

+daK;Y V eheir + ednH i — Ki_lei;clfik>
=1 =1
where

K; = [Ii + CZ\/e;f’,;eik + €3NHZ»,€1] (4.50)
k=1

Computation of du
To compute the incremental displacement vector du, we substitute Eq.(4.48) into
Eq.(4.45.b) and get

NG R R NG . m
> BICiBidu = —» BT |daK; ') \/ehen + el H ti
=1 k=1

=1

(4.51)
m NG
+KﬁZHz-k1fik) + 2 h
k=1 =1

where
Ci=1I—c [Z\/eﬁeik + egNHi?] (4.52)
k=1

From definition of Eq.(4.50), we have Eq.(4.52) in new form as

Sy /el e + 53NH1.;1] =I,- K 'K, - I,| = K (4.53)

Ci :Il — C
k=1
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If we define some new notations as

NG R
S=SB'K;'B, (a)

=1

NG m
fi=-Y BIK; "> \/elen +ciyH;' 't (b) (4.54)
=1 k=1

NG m NG

fo==> BIK; 'Y Hy'fu+) hi (c)
i=1 k=1 i=1

then Eq.(4.51) can be rewritten as

NG

By subtituting fi; and > _h; from Eq.(4.43) into Eq.(4.44.c), then solving Eq.(4.55),
i=1

we obtain the incremental displacement vector as

du = (a + da) ST'fi—u (4.56)

Computation of de;

The increment of the strain vector can be obtained by subtituting f;, in Eq.(4.43.a)
and ) _dey, in Eq.(4.49) into Eq.(4.48)
k=1
de;, = (deik> + (a + da) (deik> (4.57)
1 2

where
(dezk) = —€;L (a)

1
(deik) —c/elen + 2 H 'K \B;S™ ' f1 + \/JeLey + 2y Hy 'ty (4.58)

2

—c\Jehen + N H K (x/ez,;eik - s%NHizltik) (b)
k=1
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Computation of (a + da)
We can get (Oz + da) from Eq.(4.57), then insert dey, from Eq.(4.45.b) as

m NG

dej, — <d€ik> 1- ZZ%( €ir + (deik)1>
ot da= ' NG (4.59)
(deik) 2 I;;tm (deik) 0

Based on Eq.(4.56 & 4.57), we can update the displacement vector u and the global
strain rate vector e:

e —=

€11 €L eNG‘m} (460)

The new vectors of u and e tend to satisfy Eq.(4.41.b & 4.42) simultaneously. By
forcing them to fulfil Egs.(4.41.c), we obtain Lagrange multiplier v updated as (a + da)
in Eq.(4.59). Iterating these steps may drive us to a stable set of u, e & « satisfying all
conditions Eqs.(4.41.b, 4.41.c & 4.42 ). Details of the iterative algorithm are presented
hereafter and also illustrated in Fig 4.1.

e Step 01: Initialize displacement and strain rate vectors: u? and €° such that the

normalized condition Eq.(4.41.c) is satisfied:

m NG

> then = (4.61)

k=1i=1

Normally the fictitious elastic solution must be computed first in order to define the
load domain L in terms of the fictitious elastic generalized stress o%. Hence, u®
and e” may assume fictitious values (after being normalized) for their initialization.
Set up initial values for the penalty parameter ¢ and for qn. Set up convergence

criteria and maximum number of iterations.
e Step 02: Calculate S, fi, fo from (4.54) at the current values of u and e.

e Step 03: Calculate (a + da), du and de;, from Eqgs.(4.59, 4.56 and 4.57), respec-
tively.

e Step 04: Perform a line search to find A, such that:

As = min Fp (u + Adu, e + Ade) (4.62)
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Update displacement wu, strain e;; and A\ as:

u =u+ \du (a)
e = € + Asdegy (b) (4.63)
a =a+da (c)

e Step 05: Check convergence criteria (abs(al —af™') < tol or afj > af): if they
are all satisfied, then go to step 06, otherwise go to step 02.

e Step 06: Stop.

NG m
Z tieh = <
i=1k=1
\ 4
> S, f1.f2 »  (deiy),, (dei),
T \ 4
IGA du,de;, [+ a+da

|

As = Fp(u+ Adu, e;, + Ade;;)> min

l

u=u+Adu
e, = ey + Adey,
a=a+da

Convergence criteria satisfied?
k _ k=1 k k
|ap ay | <tolorag > a,

lYES

STOP

Figure 4.1: Flow chart for the upper bound algorithm for shakedown analysis
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4.3 Dual relationship between lower bound and

upper bound and dual algorithm

Based on the research of Bazaraa et al. [104], the Lagrange dual function of Eq.(4.37)

with gy = 0 has form as follow:

m

NG [ m T ] m R
Fr ZZ{Z\@kv\/eﬁeik - ZW - B (Zeik - Bm) }
=1 | k=1 k=1 k=1

(4.64)

m NG
— a(ZZeﬁtik — 1)

k=1i=1
where v;x, B; denote Lagrange multipliers vectors at Gauss point ¢ and load vertex k
and « is a scalar Lagrange multiplier. Based on D, in Eq.(4.28), the ~; has a special

form
Yik = [%‘k Vit Yie 0 O 0} (4-65)

The special vector v, in Eq.(4.65) shows that only one incompressibility coressponding
to only one Lagrange multiplier at each Gauss point ¢ and load vertex k. The dual

problem in Eq.(4.37) becomes
max ( min FL) (4.66)

Vik:Biso \ €ik,U
According to the strong duality theorem presented by Bazaraa et al. [104], no dual gap

exists between dual and primal solutions:
NG m

min =~y Y V2k, /el e = ’Ymax (g}}% FL) (4.67)

h(ego ) =0 i=1 k=1 iksBira

Another form of the Lagrange dual function in Eq.(4.64) can be rewritten as

NG m \/Ekveik T NG T A
Fr=3% > T T Yik T Bi—tua| ex+> B Bu+a (4.68)
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We accept in Eq.(4.68) that if /e e, is equal to zero then v/2k,e;./+/eh.ei = 0.

The stationarity conditions of the dual form in Eq.(4.68) are presented hereafter

gii - \/;:Tk - (mk + B + atik> ~0 (a)

gf; — Dyey;, =0 (b)

gg; N ,ie““ ~Bu=0 (c) (4.69)
. - NZGB Bi=0 (A)

- iNZGe%;tm —1=0 ()

do =

In Section 4.2.2, a penalty function is written as

NG m m m m
Fp = Z{ Z ﬁkv\/m—l—g Z eﬁDveik—i—g < Z eik—ﬁiu> ( Z eik—Biu> }
k=1 k=1 k=1

and its stationarity conditions:

or i - - ;
PL _ Gk ¢ Dyeg+c|> e —Bu|—oaty =0 Vik (a)
deg, \/m k=1 k=1
ikCik ON
aF NG N m “
ou i=1 k=1
QPL =Y D eptu—1=0 (c)
aQ k=1li=1

If ;1 and ;. are defined as:

vik = —cDye (a)

Bik = _C<§:eik - Bz“) (b)
k=1

(4.70)
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the the Penalty-Lagrange function in Eq.(4.40) becomes similar to Eq.(4.64)

m

NG — 1l 1 (o .
Fpr, :Z{Zﬂk’v 6,1;;61'1@ - 6 Z ')/Zvaeik — 2ﬂ?<z €k — B{u,) }
i=1 | k=1 k=1

k=1

m NG
—a(ZZeﬁtik — 1)

k=1 i=1
while the stationarity conditions become similar to Eqgs.(4.69)

€k

| 5T 2
eikez‘k + 50N

NG

> Bl =0

=1
m NG

k=1:=1

- (’m + Bik + atz‘k) =0

or
€k — 1/ el e +eln <%’kz + Bk + atik) =0 (a)

NG
> B = (b)
i=1

m NG

YD elti—1=0 (c)

k=1i=1

For reason of simplicity, we define some new notations as

fir =eup—/ eg];eik + 5(2)N (%’k + 8 + Oétik) =0 (a)

9it = Yik T cDyejy (b)

hy =8+ C(ieik — Bm) (c)

k=1

(4.71)

(4.72)

(4.73)
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In order to solve the Eqs.(4.70 & 4.72), we use the Newton Raphson method and obtain

as

Mikdeik — 4/ ez,;el-k + €%N (d"/z + d,@z + d()étm) = _fik (a)

NG NG

> Blapl = - BIp} (b)

i=1 i=1

m NG m NG

SN delty =—> > ehtu+1 (c)

k=1li=1 k=1li=1 (4.74)

dvii + cD,de;;, = —gix (d)

B: + c(Zdeik _ Eidu) — _hy (e)
k=1

’%—i—ﬂi—l—atik <1 (f)

where
T

My, = {Im - (%’ + B + atik) Cik

| T 2

Substituting Eq.(4.74.d) into Eq.(4.74.a) we have:

Mikdeik —/ e;f’,;eik + 831\7( — gik + dﬂz —+ datik) = _fz'k (476)

where the new matrix Mj; is defined as

M, + mcﬁvl (4.77)

Now we can compute the incremental vector de;;, of the strain from

dej, = 1/ eﬁeik + 5(2)NM1‘;1< — Qi +dB; + dOztik> — Mlzlflk (478)

(4.75)

M, =

By writing Eq.(4.78) for all 1,k and then sum of them, we obtain as

Zdeik = Z\/e;f',;eik + 5§NJ\7IZ.;1< — g +dB; + datik> — ZMizlfik (4.79)
k=1 k=1 k=1
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Substituting fir from Eq.(4.73.a), g from Eq.(4.73.b), dB; from Eq.(4.74.e) into

Eq.(4.79), after some manipulations, we obtain

S dei, = cKYY JeLey + 2y M Bidu — K71 /el ey + ey M gir
k=1 k=1 k=1
— K7D el en + 2y M th; (4.80)
k=1

+ (da)Ki_lz\/mMi?tik ~ K'Y MG fa
k=1 k=1

where

KZ- = I, + CZ\/ ez,;eik + 63NM1‘;1] (481)
k=1

Computation of du
We substitute Eq.(4.74.e) into Eq.(4.74.b) with consideration Eqs.(4.73) and (4.80)

leading to:
du=—-u+ S + (a + da) S, (4.82)

where:

2

G
S— SB'K B (a)

i=1

o
I

R NG R N m mo
fi=-> B/K;' (Zeik — > M ey
k=1 k=1

i=1
m A
— cZ\/ez,;eik + sgNMileveik> (b)
k=1
R NG . R m R
fo= D BIK;'> \/el ey +ciyM,; e (c)
i—1 k=1

(4.83)

Computation of de;

de;, = [deik]a + {deik}b + (04 + da> [deikL (4.84)
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where {deik}a, [deik}b and [deikL are defined as

m NG m
[deik} :cz ele; + 83NMZ.;1K[1B¢SA"123?R’[1Zez‘k
¢ k=1 i=1 k=1 (4.85)

m
/T 2 nr—lg—1
k=1

m NG m
[dea], = —>"\Jehen + M KBS BIK S M) (Ii
k=1 i=1 k=1
T, 2 D e T, 2 A1l S M1, (4.86)
+\ehen + edyeD, ey + oy ehen + 3y M K'Y M Iy
k=1
+y/elex+ 6%NCDU> e — Migl (I +/ele + schDv) eir

m NG m
B - — i At G e - — .
|deix] = yJehen +e3y M K BiS™ Y BIK 'Y \/elen + ey Myt
k=1 =1 k=1

m m
T 2 aAr-1lg--1 T 2 ar-1
- CZ e;eir + oMy, K Z Veir€ir + eon Mg tix
k=1 k=1

T 2 aAgr-1

(4.87)

Computation of (a + da)
We obtain (a + d&) by substituting Eq.(4.84) into Eq.(4.74.c) then solving for unknown

(a + da) as
NG m

1=>>"th (eik + [deik]a + [deik} b)

a+da = =lk=1 ~o o (4.88)

HRAL]

i=1k=1

If the existing value of e;; is already normalized, that is

NG m

> D then =1 (4.89)

1=1k=1
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The Eq.(4.88) becomes as follow:

NG m

>3t [dea], + [deus] )

a+do =" (4.90)

> > th {dez‘k]

i=1k=1

[

The details of the iterative dual algorithm are presented as follow:

e Step 01: Initialize displacement and strain vectors: u” and e such that the
normalized condition in Eq.(4.89) is satisfied:
NG m
Zztﬁe?k =1

1=1k=1

Set the stress vectors equal to zero vectors

’Yz(')k:O
B =0

Vk=T,m, Vi=1,NG (4.91)

Set up initial values for the penalty parameter ¢ and gqy. Set up convergence

criteria, maximum number of iterations.

e Step 02: Calculate {deik} , {deik]b from Eqs.(4.85, 4.86) and S, fi, f» from

Eq.(4.83) at current value e, u

e Step 03: Compute (a + da), du and de;, from Eqs.(4.90, 4.82, & 4.84), respec-
tively.

e Step 04: Perform a line search to find A, such that:

A = min Fp(u + du, e + Ade) (4.92)

where Fp is the Penalty function in Eq.(4.38) Update displacement and strain

rate as:

u  =u+ Mdu (a) (4.93)
€k = €k + Xkdeik (b)
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e Step 05: Calculate the vectors of incremental stresses dv;x,dB; from
Eq.(4.74.d & e)

dvir = —cD,de;; — gy, (a)
m A (4.94)
dB; — —C<Zdeik - Bidu> ~ ha, (b)
k=1
e Step 06: Perform linesearch to find A\, such that:
A — max \
Subjected to : (4.95)

H (’n Y Bt atik) + A(d’n v dB;+ datik)

-

Update stresses 7, B; and scalar o with a chosen parameter 7: 0 <7 <1

Yik = Yik + TAsdYik (a)
Bi = Bi + 1A dB; (b) (4.96)
a =a+TAda (c)

e Step 07: Check convergence criteria (abs(af —af™") < tol or afj > af): if they
are all satisfied then go to step 08, otherwise go to steps 02.

e Step 08: Stop.

Details of the primal-dual algorithm are presented hereafter and also illustrated in
Fig.4.2.
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Figure 4.2: Flow chart for the primal-dual algorithm for shakedown analysis



NUMERICAL APPLICATIONS

5.1 Introduction

Our theory and algorithms are validated through a series of examples in this chaper.

Example problems considered in this chaper are divied into four sections:
(1) Limit and shakedown analysis of two dimentional structures.
(2) Limit and shakedown analysis of three dimentional structures.
(3) Limit and shakedown analysis of pressure vessel components.
(4) Limit analysis of crack structures.

Note that von Mises yield conditions and elastic perfectly plastic material are assumed in
all examples. The load factors obtained by averaging its lower and upper bound values
at the final iteration are compared with some analytical solutions or other solutions
found in the literature. The different choices of the optimization parameters which may
have different effects on behaviour of the dual algorithm are also investigated in this

chapter.
5.2 Limit and shakedown analysis of two
dimensional structures

5.2.1 Square plate with a central circular hole

The first example considered in limit and shakedown analysis of 2D structures

is a square plate with a central circular hole subjected to different load cases P, and

85
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P,, which has been found very frequently in literature. The full model of this problem
is shown as in Fig 5.1(a). Due to the symmetry of geometry and applied loads, one
fourth of the plate is described with length L, height L and radius R/L = 0.2 and apply

boundary conditions as shown in Fig 5.1(b).

il

R

i

v VY

AEER

—

.

(b)

Figure 5.1: Square plate with a central hole: Full (a) and symmetric geometry (b).
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Figure 5.2: Square plate with central circular hole: Quadratic NURBS mesh with

32 elements and control net.

The given data is used as follows: Young’s modulus E = 2.1¢> MPa, Poisson’s ratio
v = 0.3 and yield stress o, = 116.2 MPa. This problem is studied by many researchers
in Refs [17; 32; 33; 50; 105]. In this study, the mesh is discretized by multi-patch of
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NURBS with polynomial order p = 2 to 4 using 288 NURBS elements with 756 degrees
of freedom (DOF), 200 NURBS elements with 650 DOF and 162 NURBS elements with
650 DOF, respectively. An example of IGA mesh is illustrated in Fig 5.2.

Gaydon and McCrum [17] presented the exact solution of the limit load multiplier
for plane stress case applying von Mises yield criterion in their work. In case of
P,=0,P € {0, ay} and R/L = 0.2, the exact collapse limit load is as

Py = (1= R/L)o, =080, (5.1)

The varying loads for shakedown analysis are 0 < P; < 09 & 0 < P, < g¢. Both limit

and shakedown analysis are studied for different load cases shown in Table 5.1.

0.84 Exact sol. 7
= = = Mixed model
FEM
—k— |GA-Bezier with p=2 | -

0.835
—O— |GA-Bezier with p=3
—©6— |GA-Bezier with p=4
0.83 .
0.825 - i
S
E 0.82 - .
o
®©
o
— 0815 N

0.81

0.805

0.8 ]

0.795 : : : : :
100 200 300 400 500 600

Number of elements

Figure 5.3: The convergence of the IGA compared with those of different methods
for limit analysis (with P, = 0) of the square plate with a central circular hole.

Fig 5.3 shows numerical solutions gained for FEM-Q4 and IGA based on Bézier

extraction versus to the increasing variation of degrees of freedom. From Fig. 5.3, it can
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be seen that the limit load factors converge rapidly to the analytical solution and the
present solution agrees very well with those of the other existing methods such as FEM,
mixed model [23] and NS-FEM [106], dual algorithm [28]. It can be observed that IGA
method yield the best convergent behaviour of the plastic limit load factor. The results

confirm that the IGA methods can be applied for plastic limit analysis problems.
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Figure 5.4: The limit load domain of the square plate with a central circular
hole using the IGA compared with those of other numerical methods.

Fig 5.4 shows the limit load domains, which use the IGA based on Bézier extraction
and some other methods. IGA solutions are seen to agree very well with those of lower
bound method in [50; 107] and the upper bound method in [33; 107].
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Figure 5.5: Limit and shakedown load factors for square plate with a central
hole subjected to tension load P, = oy; P, = 0.

Our results compared with other solutions are illustrated in Fig 5.5. Reasonable
agreement can be shown in Fig 5.5 and Table 5.1. It can be seen that our limit factor
results is close to the results using cell-based smooth FEM by Le et al. [33]. It can be
clearly seen that our results are greater than available literature values obtained by
lower bound method and smaller than available literature values obtained by upper
bound method.
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Table 5.1: Collapse load multiplier for square plate with a circular hole with
different loading cases compared with available solutions

Authors and Approaches P,=P P,=P/2 P,=0
Limit Analysis
Silva and Antao[108], Upper bound 0.899 0.915 0.807
Le et al.[33], Upper bound 0.895 0.911 0.801
Zouain et al.[23], Mixed formulation 0.894 0.911 0.803
Analytical solution[17] --- --- 0.8
Chen et al.[50], Lower bound 0.874 0.899 0.798
Gross-Weege[107], Lower bound 0.882 0.891 0.782
Tran et al.[105], Dual Algorithm 0.896 0.912 0.805
p =2, ndofs =578  0.8961 0.9124  0.8033
IGA-Bezier-Ext, p=23,ndofs =722 08954  0.9116  0.8023
Dual Algorithm p=4,ndofs =578 0.8956 0.9120 0.8025
p=2,ndofs =756 0.8954 0.9115 0.8012
IGA-Lag-Ext, p=3,ndofs =650 0.8947  0.9114  0.8013
Dual Algorithm p=4, ndofs =650 0.8944 0.9112 0.8004
Shakedown Analysis
Carvelli et al.[109], Upper bound 0.518 0.605 0.696
Zouain et al.[23], Mixed formulation 0.429 0.500 0.594
Gross-Weege[107], Lower bound 0.446 0.524 0.614
Tran et al.[105], Dual Algorithm 0.444 0.514 0.610
p =2, ndofs =578 04529 05238  0.6209
IGA-Bezier-Ext, p=3,ndofs =722 04481  0.5186  0.6155
Dual Algorithm p=4,ndofs =578 0.4483 0.5188 0.6157
p=2,ndofs =756 0.4866 0.599 0.6590
IGA-Lag-Ext, p=3,ndofs =650 04728  0.5450  0.6433
Dual Algorithm p=4,ndofs =650 0.4624 0.5339 0.6315
For example of limit analysis case with load case P, = o, & P, = 0 and with

load case P, = P, = 0, (results are in parentheses), comparisons with other available
works in detail are as follows: o = 0.8012, 08013 & 0.80004 (0.8954, 0.8947 & 0.8944)
are obtained through the analysis corresponding with polynomial order p = 2, 3, 4
respectively; a = 0.807 (0.899) in Ref [108] and « = 0.801 (0.895) in Ref [33] obtained
by upper bound approach; o = 0.798 (0.874) in Ref [50] and o = 0.782 (0.882) in Ref
[107] obtained by lower bound approach.
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Table 5.2: Influence of parameter ¢, (¢ = 10'° and 7 = 0.9)

Total Iterations Upper bound Lower bound &% = 10~V¢

9 1.7225 0.6162 1.0e-10
13 0.8697 0.7994 1.0e-12
16 0.8093 0.8038 1.0e-14
17 0.8039 0.8036 1.0e-16
15 0.8035 0.8035 1.0e-18
16 0.8034 0.8034 1.0e-20
22 0.8034 0.8033 1.0e-24
19 0.8034 0.8034 1.0e-28

Table 5.3: Influence of parameter ¢, (¢ = 1071 and 7 = 0.9).

Total Iterations Upper bound Lower bound ¢ = 10"¢

3 0.6634 0.6078 1.0e+-07
4 0.7969 0.7771 1.0e+08
9 0.8011 0.7998 1.0e+09
15 0.8034 0.8033 1.0e+10
24 0.8037 0.8036 1.0e+11
22 0.8037 0.80369 1.0e+12
22 0.8037 0.80369 1.0e+13
23 0.8037 0.80369 1.0e+14
18 0.8037 0.80368 1.0e+15
19 0.8037 0.80366 1.0e+16
34 0.8037 0.80361 1.0e+18
28 0.8037 0.80358 1.0e+19
13 0.8037 0.8034 1.0e+21
20 0.8038 0.8034 1.0e+23
23 0.8073 0.8034 1.0e+25
24 1.2828 0.8034 1.0e+27

The influences of optimization parameters (¢, ¢ and 7) are investigated indepen-
dently of each other and the numerical results are shown in Fig. (5.6) and Tables (5.2,
5.3 and 5.4). It can be observed that:
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Figure 5.6: Influency parameter of ,c and 7

e The parameter ¢ has very little influence on the computational results in the

range of €2 = 1071* = 10722, Both lower and upper bound limit load factors keep

stationary (all results are found by using paramenters ¢ = 10! and 7 = 0.9).

e In the range of penalty paramenter ¢ = 10° = 10?°, number error is less than 1%

for both upper bound and lower bound shown in Fig. 5.6(b).

e The parameter 7 has no influence of lowe and upper limit load factor, except for

the case 7 < 0.1. The Table 5.4 shown that small 7 leads to slow convergence of

problem.
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Table 5.4: Influence of parameter 7, (¢ = 107! and ¢ = 10'9)

Total Iterations Upper bound Lower bound T
34 0.8034 0.7681 0.1
34 0.8034 0.8019 0.2
30 0.8034 0.8034 0.3
25 0.8034 0.8033 0.4
21 0.8034 0.8034 0.5
17 0.8034 0.8033 0.6
17 0.8034 0.8033 0.7
25 0.8034 0.8034 0.8
15 0.8034 0.8033 0.9
12 0.8034 0.8033 1.0

T
\W\PM

P
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e

e

Figure 5.7: Full geometry and applied load of grooved rectangular plate.
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5.2.2 Grooved rectangular plate subjected to varying tension

This example is well-known benchmark under plane stress and plane strain states
subjected to tension py as shown in Fig 5.7 (a). Taking advantage of symmetry of
geometry and applied load, only a half of the problem with length L, height L and
radius R = 0.25L = 250 mm of two semi-circular notches as shown in Fig 5.7 (b). This
benchmark was introduced by Prager and Hodge [110] under Tresca yield criterion.
However, von Mises yield condition is used in our research. This problem is also studied
by some authors for von Mises yield criterion such as Casciaro et al. [111], Yan [93],
Nguyen et al. [55; 106], Tran et al. [105] and more recently Do et al. [54]. The following
material properties are chosen: Young’s modulus £ = 2.1¢%> MPa, Poisson’s ratio v =
0.3 and yield stress o, = 116.2 MPa.

=31 p,
b » » » » »
Px

a) b)

Figure 5.8: A symmetry of the grooved rectangular plate: a) A symmetric todel
including applied loads and boundary conditions; b) 2D control point net and 40
NURBS quadratic elements.

In this study, the mesh is discretized by multi-patch of NURBS with polynomial
order p = 2 to 4 using 384 NURBS elements with 1082 degrees of freedom (DOF), 216
NURBS elements with 866 DOF and 96 NURBS elements with 674 DOF, respectively.
The IGA mesh example for order p = 2 using 96 NURBS elements is illustrated in Fig
5.8.
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Figure 5.9: Limit load factors of the plate with tension of a strip with semi-circular
notches.

The numerical results of the present approach are listed in Table 5.5 and compared
with those of other available methods. It is obviously clear that our numerical result
is well accordant with result of other methods for both plane stress and plane strain
states. In case of plane stress condition, the limit collapse multipliers of the current
method for three meshes mentioned above are respectively 0.558, 0.559 and 0.559 which
is equal to 0.559 in Ref [54; 106] and belong to the range of the analytical solution 0.500
+ 0.577 in Ref [93]. In case of plane strain state, the limit load factors respectively
obtain 0.798, 0.799 and 0.799 which is quite close to 0.769 in Ref [93], 0.768 in Ref
[105], 0.797 in Ref [54] and slightly lower than analytical upper bound 0.80 reported in

[93]. Table 5.5 also shows that the present approach gives high accuracy with fewer
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degrees of freedom compared with the results in Ref [54]. Fig 5.9 shows the limit load
factors of upper bound and quasi-lower bound of this problem. We also study the limit
and shakedown analysis for complicated loads (subjected to both tension and bending
loads). The load domain for the shakedown problem is defined by py € [0 o,] and
pu € [0 oy]. The results of this problem under complicated loads are listed in Table

5.6. The convergence of limit and shakedown load factors are demonstrated in Fig 5.10.

Table 5.5: Collapse multiplier for the grooved rectangular plate subjected to
constant pure tension: Comparison of limit load multipliers for different approaches.

Authors and Methods Plane stress Plane strain = Yield criterion

Prager [110], Analytical 0,5 0.63+0.695 Tresca
Yan [93], Analytical 0.5=0.577  0.727+0.8 von Mises
Casciaro et al. [111], Numerical 0,568 0,699 von Mises
Yan [93], Numerical 0,588 0,769 von Mises
Tran et al. [105], Numerical 0,562 0,768 von Mises
H. Nguyen-Xuan et al. [106], Numerical 0,559 0,734 von Mises

p = 2, ndofs = 1410 0,56 0,799 von Mises
IGA-Bézier-Ext 4, = 3 ndofs = 1766 0,558 0,797 von Mises
Numerical [54] p =4, ndofs = 1410 0,559 0,798 von Mises

p =2, ndofs = 1082 0,558 0,798 von Mises
IGA-Lag-Ext 4, =3 ndofs = 866 0,559 0,799 von Mises
Numerical p =4, ndofs = 674 0,559 0,799 von Mises

Table 5.6: Elastic shakedown analysis load multiplier for the grooved rectangular
plate subjected to both tension py and bending py; with the defined load domains
py €10 o,] and py € [0 0]

Authors & Methods Limit analysis Shakedown analysis
NS-FEM 0.3003 0.2247
Nguyen-Xuan et al. [106] ES FEM 0.2966 0.2346
p=2,ndofs = 1082 0.2965 0.2423
p = 3,ndofs = 866 0.2964 0.2403

IGA-LagExt

p=4,ndofs =674 0.2968 0.2404
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Figure 5.10: Limit and shakedown load factors for the grooved
rectangular plate subjected to both tension and bending loads.

From Fig (5.11) and Tables (5.7, 5.8 and 5.9), it can be seen that algorithm gives
the stable results when e parameter € > 1077, penalty parameter ¢ € [107,10'2] and

7 > 0.2. The higher value of 7 paramter, the faster convergence of limit load factor.
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Figure 5.11: Influency parameter of ¢, c and 7

Table 5.7: Influence of parameter ¢, (¢ = 10'° and 7 = 0.9)

Total Iterations

Upper bound Lower bound &% = 10~V¢

07 2.133 0.3520 1.0e-10
11 0.6851 0.5545 1.0e-12
11 0.5719 0.5600 1.0e-14
22 0.5613 0.5602 1.0e-16
14 0.5602 0.5602 1.0e-18
10 0.5601 0.5601 1.0e-20
08 0.5601 0.5601 1.0e-22

24
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Table 5.8: Influence of parameter ¢, (¢ = 10719 and 7 = 0.9)

Total Iterations Upper bound Lower bound ¢ = 10V¢

3 0.5452 0.5330 1.0e+07
) 0.5574 0.5572 1.0e+08
6 0.5598 0.5595 1.0e+09
8 0.5601 0.5601 1.0e+10
19 0.5602 0.5602 1.0e+11
18 0.5602 0.5602 1.0e+12
15 0.5602 0.5602 1.0e+14
14 0.5601 0.5601 1.0e+16
29 0.5601 0.5601 1.0e+18
26 0.5603 0.5601 1.0e+20
20 0.5682 0.5601 1.0e+22
24 0.9966 0.5601 1.0e+24

Table 5.9: Influence of parameter 7, (¢ = 107!° and ¢ = 10'9)

Total Iterations Upper bound Lower bound T
34 0.5602 0.5422 0.1
34 0.5601 0.5597 0.2
29 0.5601 0.5601 0.3
21 0.5601 0.5601 0.4
17 0.5601 0.5601 0.5
14 0.5601 0.5601 0.6
12 0.5601 0.5601 0.7
11 0.5601 0.5601 0.8
8 0.5601 0.5601 0.9
17 0.5601 0.5601 1.0

5.3 Limit and shakedown analysis of 3D

structures

5.3.1 Thin square slabs with two different cutout subjected to tension

The first 3D problem that we assess the performance of the IGA via the limit
analysis is the thin square slab with two different cutouts subjected to tension as shown
in Fig 5.13 [106]. The given data is selected as in Section 3.2.5. This problem is studied
by many researchers such as Chen et al.[21], Nguyen et al.[106].The geometry of 3D
holed plate is shown in Fig 5.13.
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Figure 5.12: The 2D view geometry of thin square slabs with two
different cutouts subjected to biaxial loading.

(a) Circular cutout (b) Square cutout

Figure 5.13: The 3D geometry of thin square slabs with two different cutouts
subjected to biaxial loading.

(@)

Figure 5.14: The 3D quadrant NURBS meshes of thin square slabs with two
different cutouts: (a)-Circular cutout and (b)-Square cutout

Due to the symmetry of the structure and the loading, only the quadrants of two
slabs are modeled and their discretizations using NURBS elements are illustrated in
Fig. 5.14 and Fig. 5.15. The ratio between the diameter of the hole and the length of
the plate is 0.2. The ratio between the depth of the plate and the length of the plate is
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0.05. The yield stress of the material is 360 MPa. In this study L = 20 cm has been

chosen.

N\
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IS »————*——— -
Y

Square cutout

Figure 5.15: Finite element discretization using quartic NURBS ele-
ments for thin square slabs with two different cutouts.

Table 5.10: The limit load factor of the IGA in comparison with those of
other methods for thin square slabs with two different cutouts.

Authors & Methods a) Circular cutout b) Square cutout

Zhang et al. [38], BEM (LB) 0.754 0.747
Belytschko [19], equilibrium FE (LB) 0.793 0.693
Chen et al. [50], EFG (LB) 0.798 0.736
Zhang et al. [20], iteration algorithm (UB) 0.824 0.764
Tran et al. [47], dual algorithm 0.805 0.748
IGA (p = 2, nel = 144, ndofs =2925) 0.807 0.752
IGA (p = 3, nel = 36, ndofs =1710) 0.807 0.752
IGA (p = 4, nel = 16, ndofs =1377) 0.807 0.752
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Figure 5.16: Convergence of limit load factors using the IGA solution in comparison
with those of other methods for thin square slabs with two different cutouts: a)

circular; b) square.
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Figure 5.17:

Influency parameter of ¢, ¢ and 7 for 3D circular cutout.

This plane stress problem has been solved numerically by finite element [106], by
boundary element method (BEM) [38] and recently by the element-free Galerkin (EFG)
method[50]. Table 5.10 shows the limit load factors of the IGA in comparison with those

of several different limit analysis approaches, and Fig 5.16 illustrates simultaneously

convergence of the limit load factors for both the upper and lower bounds . Using the

primal-dual algorithm, all the upper and lower bounds for two case of slabs in Fig 5.16

converge rapidly to the solutions in Table 5.10. Also from Fig 5.16 and Table 5.10, it

can be seen that the solutions of the IGA are lower than those of the upper bound

models and higher than those of the lower bound approaches. This implies that the
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IGA can produce the results closer to the exact value than several other methods in
the literature.

The influence of parameters €, ¢ and 7 are investigated independently. The results are
shown in Fig 5.17. It can be clear seen that the numerical results are obtained the

stable when e parameter ¢ > 1077, penalty parameter ¢ € [10°,10%] and 7 > 0.3.

5.3.2 2D and 3D symmetric continuous beam

Pa(t)

(a) Full model of the continuous beam

o
Pa(t)

Pi(t) vYvvvy
VY VYVYYYTYYYVY

gi d=Icm M
= = r=10cn
N r=10cm r=10cm N i

I: .‘-I: 4
I0cm Scm 20cm 4fcm

e

(b) Full model of the continuous beam

Figure 5.18: Geometry and loading of the continuous beam [50].
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(a) 2D NURBS mesh

(b) 3D NURBS mesh

Figure 5.19: Continuous beam: (a) 2D NURBS mesh and (b) 3D NURBS mesh.

Table 5.11: Shakedown load factor of the symmetric continuous beam with various
load domains

Load domain Shakedown load factor
Case (MPa) Ref[112]  [50] IGA, p=2 IGA, p=3 IGA, p=/
2D
12<p <20
1 0<py <10 3.244 3.297 3.285 3.267 3.258
<pi <2
2 0.6 < py < 1.0 - 2.174 2.187 2.169 2.170
0<pi <20
3 0<py<10 - 2.152 2.164 2.147 2.148
3D
1.2 <p; <20
1 0<py<10 - - 3.361 3.316 3.396
0<p <2
2 0.6 < py < 1.0 - - 2.221 2.218 2.227
<p <2
3 0<py<1.0 - - 2.191 2.166 2.184




5.8 Limit and shakedown analysis of 3D structures 106

A symmetric continuous steel beam subjected to two independent loads is described
in Fig 5.18. The material parameters are: E = 1.8 x 10°M Pa,v = 0.3, 0, = 100M Pa.
The load domain is chosen analogously as in Ref [112]: 1.2 M Pa < p; < 2.0 M Pa, 0 <
p2 < 1.0 M Pa. The IGA discretization using quadratic mesh with 352 NURBS elements
and 1521 numbers of control points is described in Fig 5.19. Limit and shakedown
values are reported in Table 5.11. The convergence of limit and shakedown load factors
in comparison with those of two other methods are described in Fig 5.20. The obtained
solutions are suitable to the published results in Ref [50], [112]. Finally, Table 5.11

closes shakedown solutions of this problem with various load domains.

Table 5.12: Influence of parameter £2, (¢ = 10'® and 7 = 0.9)

Total Iterations Upper bound Lower bound & = 10-"¢

08 15.889 2.149 10
09 6.927 3.094 11
11 4.411 3.296 12
13 3.659 3.317 13
15 3.427 3.321 14
16 3.395 3.322 15
19 3.332 3.322 16
19 3.325 3.323 17
26 3.323 3.322 18
21 3.323 3.323 19
25 3.322 3.322 20
34 3.322 3.322 22

34 3.322 3.315 24
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Figure 5.20: 2D Continuous beam: Convergence of limit and shakedown load
factors in comparison with those of two other methods.
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The influence of parameters €, ¢ and 7 are investigated independently and shown
in Tables (5.12, 5.13 and 5.14). The results are also shown in Fig 5.21. It is clear
that the numerical results are obtained the stable when ¢ parameter € > 1077, penalty
parameter ¢ € [10°,10%] and 7 > 0.3.

Table 5.13: Influence of parameter ¢, (¢ = 107° and 7 = 0.9).

Total Iterations Upper bound Lower bound ¢ = 10V¢

5 3.181 3.167 7
11 3.167 3.297 8
19 3.321 3.319 9
25 3.322 3.322 10
25 3.323 3.322 11
25 3.323 3.322 12
27 3.323 3.322 14
26 3.323 3.322 16
34 3.323 3.322 18
34 3.323 3.322 20
29 3.323 3.321 22
34 3.323 3.319 24
25 3.3238 3.3184 26
34 3.3840 3.3187 28
34 9.7917 3.3187 30

Table 5.14: Influence of parameter 7, (¢ = 107'% and ¢ = 101°)

Total Iterations Upper bound Lower bound T
34 3.3229 3.0582 0.1
34 3.3228 3.2893 0.2
34 3.3228 3.2170 0.3
34 3.3228 3.3228 0.4
32 3.3229 3.3228 0.5
28 3.3229 3.3228 0.6
26 3.3229 3.3228 0.7
28 3.3229 3.3228 0.8
25 3.3229 3.3228 0.9

24 3.3229 3.3227 1.0
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Figure 5.21: Influency parameter of ¢, c and 7

5.3.3 Thin-walled pipe subjected to internal pressure and axial force

The last problem is a thin-walled pipe with radius R and thickness ¢ considered in
Fig 5.22. The pipe is subjected to axial force F together with internal pressure p. Cocks
and Leckie [113] studied the problem analytically, using the Tresca yield criterion and
Yan [93] using the Von Mises yield criterion.
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Figure 5.22: A thin-walled pipe subjected to internal pressure and axial force:
a) Full model subjected to internal pressure and axial uniform loads; b) Cubic
mesh and control net; c¢) a quarter of the model with symmetric conditions
imposed on the oxz, oyz and oxy surface.

The plastic collapse limit can be calculated by using the condition in Ref [93] if
internal pressure and axial force increase monotonically and proportionally as follows:
p> F* pF

2
LT 5.2
i I mF (5:2)
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oot
where p; = (3 %, F = 0y with 8 =1 for a long pipe without the end constraining effect.

In case that internal pressure remains constant, and axial force varies within the range

[—F, F], we can compute the shakedown limit by using the following condition:

2 F? F
1% = rPr (5.3)
b Fz m F
Note that we could have Eq. 5.2 and 5.3 by using the Von Mises yield criterion (Yan
[93]). If we use the Tresca yield criterion, the shakedown range is limited by the
condition (Cocks and Leckie [113]):

P F

L 5.4

2l F (5.4)
Due to their symmetry, only the quadrant of the whole pipe is discretized by 3D NURBS
elements with quadratic, cubic and quartic mesh. The given data for this problem:
R =500mm,t = 10mm, L = 100mm, oy = 116.2M Pa.

1.2
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Figure 5.23: The limit load domain of the IGA compared with exact solution for
thin-walled pipe problem.
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Figure 5.24: The limit load domain of the IGA compared with exact solution for
thin-walled pipe problem: a) Limit Analysis; b) Shakedown analysis.
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The interaction diagram for limit analysis is plotted in Fig 5.23. In this diagram,
collapse limit load factors are the averages of the upper and lower bounds. Analytical
solutions are calculated by applying the formulation from Eq. 5.2. The diagram shows
that numerical solutions agree very well with analytical solutions. The computational
results for limit and shakedown analyses are present in Fig 5.24. In the limit analysis
case, the upper bound of the limit load factor is at = 0.9978 while the lower bound
is = = 0.99899 compared with analytical factor a = 1.0 obtained by Eq. 5.2. In the
shakedown analysis case, the upper bound of the shakedown gives at = 0.58026, the
lower bound gives a~ = 0.580258 compared with analytical load factor a = 0.57735 by
using the formula from Eq. 5.3. In both case, the numerical errors are less than 1%.
The upper bound and lower bound values converge rapidly to solution.

Algorithm gives the stable results when e > 1077, ¢ € (10910 and 0.2 < 7 < 0.9.

The influence of these parameters are shown in Fig 5.25.

5.4 Limit and shakedown analysis of pressure

vessel components

5.4.1 Pressure vessel support skirt

Figure 5.26: The pressure vessel skirt: Three quarter of full 3D model.
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This problem is interested in pressure vessel and piping engineering technology
since it serves as a benchmark problem for developing stress classification procedures
[114]. This problem is investigated by Seshadri et al. [115] and Simha et al. [116].
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(a) Axisymmetric model with boundary condition
and applied load (b) NURBS mesh with 96 elements

Figure 5.27: Axisymmetric model of the pressure vessel skirt

The geometry of this problem is displayed in Fig 5.26 and 5.27(a). Following the
material properties utilized in [116], the material properties are used in our analysis:
Young’s modulus £ = 211 GPa, Poisson’s ratio v = 0.3 and yield stress o, = 250
MPa. The applied load is p = 77.3 MPa as shown in Fig 5.27 (a). The IGA mesh is
discretized by multi-patch of NURBS with polynomial order p = 2 to 4 using 4704
NURBS elements with 10848 DOF, 1944 NURBS elements with 5304 DOF and 1176
NURBS elements with 3850 DOF, respectively. The IGA mesh for order p = 2 using 64
NURBS elements is illustrated in Fig 5.27 (b).
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Figure 5.28: Limit analysis: Convergence of limit load factors for the pressure vessel
skirt.
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Figure 5.29: Shakedown analysis: Convergence of shakedown load factors for the
pressure vessel skirt.

The results for both limit and shakedown analysis are presented in Table 5.15

together with the limit analysis results investigated by Simha et al. in Ref [116]. It
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can be clearly seen that the current results for limit analysis case are in very good
agreement with the limit load factors obtained by Simha et al [116]. Fig 5.28 shows the
limit collapse multipliers and compared with the other methods. The convergence of

the shakedown load factors is shown in Fig 5.29.
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Figure 5.30: Influency parameter of ¢,c and 7

20



5.4 Limit and shakedown analysis of pressure vessel components 117

Table 5.15: Collapse multiplier for the vessel pressure skirt: Comparison of limit
load multipliers for different approaches

Author Method LA SA
Lower bound 2.600 ---
Simha et al. [116] Inelastic FEM-Upper bound  2.790 - - -

p=2,ndofs =10848 IGA-LagExt, Dual algorithm 2.690 1.796
p=3,ndofs=5304 IGA-LagExt, Dual algorithm 2.703 1.773
p=4,ndofs=3850 IGA-LagExt, Dual algorithm 2.709 1.730

)

IGA-LagExt

Figure 5.31: The reinforced nozzle model and geometry: Three quarter of full 3D model.
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Figure 5.32: The reinforced nozzle model and geometry: Geometry of the
axisymmetric model [117; 118]
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5.4.2 Reinforced Axisymmetric Nozzle

Reinforced axisymmetric nozzle is an example of a well-designed pressure compo-
nent with smooth geometric transitions. This problem is studied for limit analysis by
Seshadri et al. [117] using m,-tangent method and Mahmood et al. [118] using the
m,-tangent multiplier in conjunction with elastic modulus adjustment procedure. The
3D model is illustrated in Fig 5.31.A reinforced axisymmetric cylindrical nozzle on a
hemispherical head as shown in Fig 5.32. which is subjected to an internal pressure of

p = 24.1 MPa is analyzed here.

Figure 5.33: The NURBS mesh of the reinforced axisymmetric nozzle
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The detail of dimensions can be listed as: the inner radius of the head R = 914.4
mm; the nominal wall thickness T' = 82.6 mm; Inside radius of the nozzle r = 136.5
mm; the nominal wall thickness T,, = 25.4 mm; the required minimum wall thickness of
the head 7)., = 76.8 mm and of the nozzle T, = 24.3 mm, respectively. The geometric
transitions of the reinforcement are modeled with fillet radius, Ry = 10.3 mm, Ry =
83.3 mm and R3 = 115.2 mm. Other dimensions include reinforcement thickness t =
54.6 mm and the angle of reinforcement, § = 45°. The reinforcement is bounded by the
reinforcement-zone boundary, specified by circle of radius L,, = 143.5 mm. The modulus
of elasticity is specified as 262 GPa, and the yield strength is assumed to be 262 MPa.

The geometry is modeled using NURBS elements with axisymmetric consideration.

Table 5.16: Collapse multiplier for the reinforced axisymmetric nozzle: Com-
parison of limit load multipliers for different approaches

Author Method LA SA
m, tangent, Upper bound 1.850 - --
Mahmood et al. [118] Inelastic FEM, Upper bound 1.874 - - -

m,, tangent, Lower bound 1.605 - --

me tangent, Upper bound 1.891 - --
Inelastic FEM-Upper bound 1.874 - - -
p=2,ndofs =4620 IGA-Lagkxt, Dual algorithm 1.785 0.669
p=3,ndofs =4100 IGA-Lagkxt, Dual algorithm 1.769 0.659
p=4,ndofs =3376 I1GA-Lagkxt, Dual algorithm 1.707 0.567

Seshadri et al. [117]

IGA-LagExt

The IGA mesh is discretized by multi-patch of NURBS with polynomial order
p = 2 to 4 using 1792 NURBS elements with 4620 DOF, 1344 NURBS elements with
4100 DOF and 768 NURBS elements with 3376 DOF, respectively. The NURBS mesh
and control net for order p = 2 are illustrated in Fig. 5.33. The results for both
limit and shakedown analysis are summarized in Table 5.16 and also listed some other
methods such as inelastic finite element analysis is performed, which gives a limit load
multiplier of ayrga = 1.874. The convergence of the limit load factors is shown in Fig

5.34 and shakedown load factors is demonstrated in Fig 5.35.
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Figure 5.34: Convergence of limit load factors for the reinforced axisymmetric nozzle.

3.5 [ T T T T T T T T ]
sl —¥— IGA-LagExt(p=2) Primal Approach | |
—O— IGA-LagExt(p=2) Dual Approach
—I— IGA-LagExt(p=3) Primal Approach
o5t —<}— IGA-LagExt(p=3) Dual Approach | |
5 ' —P— IGA-LagExt(p=4) Primal Approach
g —<— IGA-LagExt(p=4) Dual Approach
y— 2r B
ge]
@©
o
=215r T
£
.
1 - -
05r b
o 1 1 1 1 1 1 1 1 =

1 2 3 4 5 6 7 8 9 10
Iteration steps

Figure 5.35: Convergence of shakedown load factors for the reinforced axisymmetric
nozzle.
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Figure 5.36: Influency parameter of ¢,c and 7

The numerical results shown in Fig (5.36) are obtained by independently studying

the influences of optimization parameters (e, c and 7). It is clearl that:

e The parameter € has very little influence on the computational results in the range
of € = 1077 =+ 107'2. The errors of the lower and upper limit load factors are less

then 1% (all results are found by using paramenters ¢ = 10'° and 7 = 0.9).

e The penalty paramenter ¢ € [10° + 10'], number error is less than 1% for both

upper bound and lower bound shown in Fig. 5.6(b).
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e The parameter 7 in the range of 7 € [0.2 + 0.9] has no influence of lower and

upper limit load factor. The larger 7 value, the faster convergence of algorithm.

5.5 Limit analysis of crack structures

Figure 5.37: Full geometrical and dimensional model

Pressure vessel which is designed to hold liquids or gases contains various parts such as
thin walled vessels, thick walled cylinders, nozzle, head, nozzle head, skirt support and
so on. Two types of defects, axial and circumferential cracks, are commonly found in
pressure vessel and piping. The limit analyses of the pressure vessel components were
successfully studied by many researchers such as Zhang et al. [37], Abou et al.[119],
Ngo et al. [120], Staat et al. [121], Simha et al. [116], Mohmood et al. [118], Seshadri
et al. [115; 117] and so on. The limit load of structures with cracks is also important
parameters on one hand for fracture safety evaluation of structural failure [35; 44; 122],
and on the other hand for direct estimation of fracture toughness [98]. This topic can
be found in many studies [55; 98; 123-128].
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Figure 5.38: The half model of the cylinder with
longitudinal crack subjected to internal pressure

Figure 5.39: NURBS mesh of the half model for the cylinder
subjected to internal pressure with a longitudinal crack

In this section, we present a cracked cylinder subjected to internal pressure. The
geometrical and dimensional model are displayed in Fig 5.37. Due to symmetry, only a
half of the model is considered in our numerical analysis as shown in Fig 5.38. Three
cases are considered with different crack length a included: a = 0.25¢, a = 0.5t and
a = 0.75t, respectively. Fig 5.39 shows an example of NURBS mesh. The analytical
solutions of this problem are investigated by Chell [124], Miller [123] and Yan et al.

[98]. The numerical solutions of this problem are also studied by Yan et al. [98] using
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Q8 elements, Kim et al. [129] and, more recently, Nguyen-Xuan et al. [79]. The

approximately available solutions in literature are summarized as:

e Chell’s analytical solution [124].

t—a
Ry
R; In| —
( +a>n(3i)

Miller’s lower bound analytical solution [123].

a=1In Fo In &
N Ri+a R;

Yan et al. analytical solution [98].

o =

Yan et al. numerical solution [98].
a a\?
a=1- O.7716(t> — 0.2267(t>

Kim et al. numerical solution [129].

2 3
2t<1 _ 0.356(?) _ 1.6882(?) 4 1.0442(?) )

o =

(Ri + a) ln%

(5.5)

(5.6)

(5.8)
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Table 5.17: Collapse multiplier for the cracked cylinder subjected to internal
pressure: Comparison of limit load multipliers for different approaches

Authors Methods  Limit load factor
a = 0.25¢
p=2,ndofs = 5474 0.8083
IGA-LagExt p=3,ndofs = 4304 0.7890
Yan et al. [98] 0.7929
Kim et al. [129] Numerical 0.8195
H. Nguyen-Xuan et al. [79] 0.7932
Miller [123] Analytical 0.7324
a = 0.5t
p=2,ndofs = 5474 0.5429
IGA-LagExt p=3,ndofs = 4304 0.5189
Yan et al. [98] 0.5575
Kim et al. [129] Numerical 0.5290
H. Nguyen-Xuan et al. [79] 0.5589
Miller [123] Analytical 0.4772
a=0.75¢
p=2,ndofs = 5474 0,2781
IGA-LagExt p=3,ndofs = 4304 0.2599
Yan et al. [98] 0.2938
Kim et al. [129] Numerical 0.2233
H. Nguyen-Xuan et al. [79] 0.3089
Miller [123] Analytical 0.2334

The results are listed in Table 5.17. The limit load factors are compared with

analytically approximate and numerical solution as shown in Fig5.40. It is obviously

observed from Table and Figures that the present results are good agreement with other

available solutions.
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Figure 5.40: Limit load factors of the cylinder with a longitudinal crack under internal

pressure



CONCLUSIONS AND FURTHER
STUDIES

6.1 Consclusions

The aims of this research, which are (i) to develop the isogeometric finite element
method, which have been developed in recent years to contribute a new procedure
in the field of computation of limit and shakedown analysis, and (ii) to increase the
efficiency of solving large size problems efficiently, have successfully achieved through the
development of a number of procedures presented in this thesis. The main contributions

in this thesis can be outlined as follows:

e Investigation of the isogeometric analysis based on Bézier extraction which can
integrate IGA into the existing FEM codes in combination with primal-dual

algorithm in computation of limit and shakedown load factors.

e Investigation of the Lagrange extraction which can direct link between IGA and
the standard nodal finite element formulation in combination with primal-dual

algorithm in computation of limit and shakedown load factors.

e A novel numerical approach for evaluating limit and shakedown load factors of

pressure vessel components.

e By using the primal-dual algorithm, the problem size is reduced to the size of
the linear elastic analysis. Thus, it can be more readily applied in practical
engineering. Moreover, the actual Newton directions updated at each iteration

automatically ensures the kinematical conditions of the displacements.

128
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e Numerical results demonstrate high accuracy of present method with moderate

number of degrees of freedom.

e The present approach showed some advantages of the IGA in terms of flexibility
in refinement, exact geometry and connection the smooth spline basis to the C°
Lagrange polynomials basis that lead the more accurate solutions in comparison

with other numerical available ones.

e The method is not susceptible to the volumetric locking since the kinematical
conditions are automatically ensured by using Newton directions updated every

iteration.

e The present approach allows us determinate simultaneously both upper and lower
bounds of the actual load value. It means that this approach can provide an
accurate and effective tool to estimate the limit load in terms of solution accuracy

and computational cost.

e The results obtained in this study show a good agreement with the reference

solutions and compared very well with other available ones.

In summary, the combination of the IGA and the primal-dual algorithm results in
an effective and robust numerical tools for limit and shakedown analysis in practical

engineering problems with lesser computational cost.

6.2 Limitations and Further studies

Although IGA has been successfully applied in a wide variety of applications, the method
has some drawbacks with respect to FEM. The first drawbacks is the difficulty of the
implementation of apdaptive IGA mesh refinement due to a tensor-product structure.
Mesh refinement in IGA has global effects, which include an unwanted ripples on the
surface, a large percentage of superfluous control points, etc. The second drawback of
IGA is the non-interpolatory characteristic of the basis functions, which adds a difficulty
in handling essential boundary conditions. These limitation of IGA can be extended
research in future.

The current study was also concerned on the performance of the present method for
the computation of 2D, 3D and axisymmetric structures. However, the limitation of
geometry is still simple. The complicated geometry for the limit and shakedown problem

can be considered in the future research.
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The method presented can be extended in many ways. The following tasks may be

recommended for future research.

e Computational effect with adaptive local refinement for structures subjected to
complex loads. The adaptive local refinement problem based on conforming
quadtree meshes is investigated in our work [80]. This work will be extended to
IGA in the future.

e Enhance computational effect with adaptive local refinement based on T-splines.

e Basic standard limit and shakedown analysis is investigated in this research. Other
special efiects such as hardening, geometric, temperature, etc. will be taken into

account in future.
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